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An embedding problem for finite local torsors
over twisted curves
Shusuke Otabe
Abstract
In his previous paper, the author proposed as a problem a purely inseparable analogue of
the Abhyankar conjecture for affine curves in positive characteristic and gave a partial answer
to it, which includes a complete answer for finite local nilpotent group schemes. In the present
paper, motivated by the Abhyankar conjectures with restricted ramifications due to Harbater
and Pop, we study a refined version of the analogous problem, based on a recent work on tamely
ramified torsors due to Biswas–Borne, which is formulated in terms of root stacks. We study an
embedding problem to conclude that the refined analogue is true in the solvable case.
1 Introduction
1.1 The Abhyankar conjectures with restricted ramifications
In [17], Grothendieck defined the e´tale fundamental group πe´t1 (X) for a scheme X as a profinite
group which controls the Galois theory for finite e´tale coverings of X. If X/C is a complex algebraic
variety, then one can calculate the e´tale fundamental group πe´t1 (X) of X as the profinite completion
of the topological fundamental group πtop1 (X(C)) of the associated analytic space X(C),
πe´t1 (X) ≃ π
top
1 (X(C))
̂.
In fact, by the Lefschetz principle, this description can be adopted to any algebraically closed field
of characteristic 0. For example, we can find that the e´tale fundamental group πe´t1 (A
1
k) of the affine
line A1k over an algebraically closed field k of characteristic 0 is trivial, i.e. π
e´t
1 (A
1
k) = 0 because the
associated Riemann surface A1(C) is simply connected.
However, if the base field k is of positive characteristic p > 0, then the situation is more
complicated. For example, it is known that the e´tale fundamental group πe´t1 (A
1
k) of the affine
line A1k over an algebraically closed field of characteristic p > 0 is highly nontrivial. Indeed, the
Artin–Schreier coverings of A1k contribute to make the fundamental group very big,
dimFp Hom(π
e´t
1 (A
1
k),Fp) =∞.
In particular, πe´t1 (A
1
k) is far from topologically finitely generated.
The Abhyankar conjecture for affine curves partially describes the e´tale fundamental group
πe´t1 (U) of an affine smooth curve U in positive characteristic p > 0 from the viewpoint of the
inverse Galois problem. In [1], Abhyankar asked which finite groups occur as a quotient of πe´t1 (U)
for an affine smooth curve U defined over an algebraically closed field k of characteristic p > 0 and
proposed a conjectural answer to the question. The conjecture was solved affirmatively by Raynaud
and Harbater [31] [19]. The Abhyankar conjecture says that contrary to the e´tale fundamental group
πe´t1 (U) itself, the inverse Galois problem over U has a concise answer and the finite quotients of
πe´t1 (U) can be completely determined by the topological one π
top
1 (U(C)) of a Riemann surface U(C)
of the same type (g, n), where g = dimkH
1(X,OX ) denotes the genus of the smooth compactification
X of U and n denotes the cardinality of the complement X \ U of U .
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Theorem 1.1. (The Abhyankar conjecture, cf. [1] [31] [19]) With the above notation, let G be a
finite group. Then G occurs as a quotient of πe´t1 (U) if and only if the quotient G
(p′) = G/p(G) can
be generated by at most 2g + n − 1 elements, where p(G) is the normal subgroup of G generated
by all the p-Sylow subgroups.
Note that the ‘only if’ part is proved by Abhyankar himself [1]. In fact, it can be also deduced
from Grothendieck’s result, which gives a description of the maximal pro-prime-to-p quotient of the
e´tale fundamental group, i.e.
πe´t1 (U)
(p′) ≃ F̂
(p′)
2g+n−1, (1.1)
where F̂2g+n−1 denotes the free profinite group of rank 2g + n− 1. For example, in the case where
U = A1k the affine line, the conjecture claims that the set of finite quotients of π
e´t
1 (A
1
k) coincides
with the set of quasi-p-groups, where a finite group G is said to be quasi-p if G = p(G). The
conjecture had been widely open even in the case where U = A1k until Serre gave a partial answer
to the problem.
Theorem 1.2. (Serre, cf. [34]) Suppose given a short exact sequence of finite groups,
1 −→ G′ −→ G −→ G′′ −→ 1
which satisfies the following conditions.
(i) G is a quasi-p-group.
(ii) G′′ appears as a quotient of πe´t1 (A
1
k).
(iii) G′ is solvable.
Then G also appears as a quotient of πe´t1 (A
1
k). In particular, any solvable quasi-p-group appears as
a quotient of πe´t1 (A
1
k).
Serre solved an embedding problem to prove the theorem. More precisely, let φ : πe´t1 (A
1
k) ։ G
′′
be a chosen surjective homomorphism. He proved that the corresponding embedding problem
πe´t1 (A
1
k)
φ

1 // G′ // G // G′′ // 1,
always has a solution, i.e. there exists a surjective lifting φ : πe´t1 (A
1
k)։ G of φ (after modifying φ).
Serre’s theorem was used in Raynaud’s proof. After Serre, in [31], Raynaud proved the conjecture
for the affine line U = A1k and, soon after, in [19], Harbater solved the conjecture for general U by
applying the method of formal patching and by making use of Raynaud’s result. Actually, Harbater
proved the conjecture in a stronger form, which we call the strong Abhyankar conjecture.
Theorem 1.3. (The strong Abhyankar conjecture due to Harbater, cf. [19]) With the above no-
tation, let U be an affine smooth curve over k of type (g, n) and G a finite group such that
G(p
′) = G/p(G) can be generated by 2g + n − 1 elements. Then there exists a finite e´tale con-
nected Galois covering V −→ U with Galois group G which is tamely ramified along X \ U except
for one point x0 ∈ X \ U .
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Independently of Harbater, in [30], Pop gave a further refinement of Theorem 1.1 in terms of
embedding problems. Let us recall his approach. With the notation in Theorem 1.3, let G be a
finite group with G(p
′) generated by 2g + n− 1 elements. Then we get an embedding problem
πe´t1 (U)
φ
1 // p(G) // G // G(p
′) // 1,
(1.2)
where φ is a fixed surjection, which always exists due to (1.1). Let us fix an e´tale Galois G(p
′)-cover
V0 −→ U (1.3)
which realizes the surjective homomorphism φ. Note that V0 −→ U is tamely ramified along X \U .
Furthermore, let Y0 be the normalization ofX in V0. Under this situation, Pop solved the embedding
problem (1.2) in the following form (see [30] for the full statements).
Theorem 1.4. (Pop, cf. [30, Theorem B and Corollary]) With the above notation, if the quasi-p-
group p(G) appears as a quotient of πe´t1 (A
1
k), then there exists a surjective lifting φ : π
e´t
1 (U)։ G of
φ in (1.2) such that a corresponding e´tale Galois G-cover V −→ U is ramified only at one point in
Y0. In particular, Theorem 1.3 is a consequence of Raynaud’s solution of the Abhyankar conjecture
for the affine line, i.e. Theorem 1.1 for the affine line A1k.
Note that the theorem holds for an arbitrary affine curve U over k, a priori which has no relation
with the affine line A1k.
1.2 Main theorem
In [26] [27, Chapter II], Nori introduced a new invariant πN(X), which he called the fundamental
group scheme, as a generalization of Grothendieck’s e´tale fundamental group πe´t1 (X) for a scheme
X defined over a field k. The fundamental group scheme πN(X) (if it exists) is a profinite k-group
scheme which classifies G-torsors over X, where we can take as G an arbitrary (not necessarily e´tale)
finite k-group scheme. In the case where k is of characteristic 0, then, by a theorem of Cartier,
any finite k-group scheme G is e´tale. Hence, if k is an algebraically closed field of characteristic
0, then we can compute πN(X) as a pro-constant k-group scheme associated with πe´t1 (X). On
the other hand, if k has positive characteristic p > 0, then the former group cannot be recovered
from the latter one in general. For example, finite local torsors, which are sometimes called purely
inseparable coverings, over X make the group scheme πN(X) larger. In [29], the author formulated
a purely inseparable analogue of the Abhyankar conjecture to estimate the difference between these
two fundamental groups πe´t1 (X) and π
N(X) from the viewpoint of the inverse Galois problem.
Question 1.5. (Purely inseparable analogue of the Abhyankar conjecture [29, Question 3.3]) Let U
be an affine smooth curve over an algebraically closed field k of positive characteristic p > 0 and G
a finite local k-group scheme. If there exists an injective homomorphism X(G) →֒ (Qp/Zp)
⊕γ+n−1,
then does G appear as a finite quotient of πN(U)? Here, X(G) stands for the group of characters of
G, i.e. X(G)
def
= Hom(G,Gm,k), and γ is the p-rank of the compactification X of U and n = #(X\U).
Here recall that if a finite local k-group scheme G appears as a quotient of πN(U), then the
character group X(G) must be embedded into the group (Qp/Zp)
⊕γ+n−1 (cf. [29, Proposition 3.1]).
In [7], Biswas–Borne introduced the notion of tamely ramified G-torsors for an arbitrary finite
group scheme G as a generalization of tamely ramified Galois covers in the usual sense (cf. Definition
4.14). Therefore, we can formulate a purely inseparable analogue of the strong Abhyankar conjecture
due to Harbater (cf. Theorem 1.3).
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Question 1.6. (Purely inseparable analogue of the strong Abhyankar conjecture) Let U be an
affine smooth curve over an algebraically closed field k of positive characteristic p > 0 and G a finite
local k-group scheme. If there exists an injective homomorphism X(G) →֒ (Qp/Zp)
⊕γ+n−1, then
does there exist a G-torsor over U which is tamely ramified above X \ U except for one point such
that it realizes a surjective homomorphism πN(U)։ G?
In this paper, toward the strong analogue, we will consider the inverse Galois problem over
root stacks. Let X be a projective smooth curve over k of genus g ≥ 0 and of p-rank γ ≥ 0. Let
∅ 6= U ( X be a nonempty open subscheme with #X \U = n ≥ 1. Let X \U = {x0, x1, · · · , xn−1}.
We shall denote by X0 the one-punctured smooth affine curve X \ {x0} and consider D = (xi)
n−1
i=1
as a family of reduced distinct Cartier divisors on X. For each family r = (ri)
n−1
i=1 ∈
∏n−1
i=1 Z≥0 of
integers, we denote by p
r
√
D/X0 the root stack associated with X0 and the data (D, p
r). Biswas–
Borne showed that finite flat torsors which are representable by a k-scheme over root stacks give
candidates of tamely ramified torsors (cf. [7, §3.3]; see also Theorem 4.15(1)). Hence, Question
1.6 has the following interpretation, but the author is not sure if these are equivalent to each
other (cf. Remark 1.11(1)).
Question 1.7. (Stacky counterpart of Question 1.6) With the above notation, let G be a finite local
k-group scheme. Suppose that there exists an injective homomorphism X(G) →֒ (Qp/Zp)
⊕γ+n−1
of abelian groups. Then, do there exist an (n − 1)-tuple r = (ri)
n−1
i=1 of integers ri ≥ 0 and a
Nori-reduced G-torsor Y −→ p
r
√
D/X0 such that Y is representable by a k-scheme?
Note that if Question 1.6 has an affirmative answer, then so does Question 1.7 (cf. [7, §3.3]; see
also Theorem 4.15(1)). Toward the strong analogue, we shall study an embedding problem over the
root stacks and conclude that Question 1.7 has an affirmative answer at least in the solvable case.
Namely, as the main result of this paper, we will prove the following result.
Theorem 1.8. (cf. Theorem 4.30) Suppose given an exact sequence of finite local k-group schemes
1 −→ G′ −→ G −→ G′′ −→ 1. (1.4)
Suppose that the following conditions are satisfied.
(i) There exists an injective homomorphism X(G) →֒ (Qp/Zp)
⊕γ+n−1.
(ii) There exists a surjective k-homomorphism πN( p
∞
√
D/X0)
def
= lim←−r π
N( p
r
√
D/X0)։ G
′′.
(iii) G′ is solvable.
Then there exist an (n − 1)-tuple r of non-negative integers and a Nori-reduced G-torsor Y −→
pr
√
D/X0 which is representable by a k-scheme. In particular, Question 1.7 has an affirmative
answer for any finite local solvable k-group scheme G.
Here, let us recall the definition of solvable group schemes G. For an affine group scheme G over
a field k, we denote by D(G) the derived subgroup of G (cf. [40, §10.1] [7, Definition A.1]). Then
it turns out that the quotient Gab
def
= G/D(G) is abelian and the natural surjection G −→ Gab is
universal among morphisms G −→ H into abelian k-group schemes (cf. [7, Appendix §A.1]). In
particular, G is abelian if and only if D(G) = 1. Moreover, by the universality of the morphism
G −→ Gab, it can be seen that any automorphism of an affine k-group scheme G induces an
automorphism of the derived subgroup D(G). In particular, if G′ is a normal closed subgroup
scheme of G, then the derived subgroup D(G′) of G′ is also normal in G. For any integer m > 0,
we define the subgroup scheme Dm(G) of G inductively by
D0(G)
def
= G, Dm(G)
def
= D(Dm−1(G)).
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Then an affine k-group scheme G is said to be solvable if Dm(G) = 0 for sufficiently large m >
0 (cf. [40, §10.1]). It turns out that an affine k-group scheme G is solvable if and only if it admits
a sequence of closed subgroup schemes
1 = Gl < Gl−1 < · · · < G0 = G
such that each Gi is normal in Gi−1 with Gi−1/Gi abelian (cf. [40, §16 Exercise 2]).
By restricting to the affine curve U , as a consequence of Theorem 1.8, we get the following
result, which is motivated by Serre’s Theorem 1.2. This is a generalization of one of the previous
results due to the author (cf. [29, Proposition 3.4]).
Corollary 1.9. (cf. Corollary 4.33) For any finite local solvable k-group scheme G, the group
scheme G appears as a quotient of πN(U) if and only if the character group X(G) can be embedded
into the abelian group (Qp/Zp)
⊕γ+n−1. Namely, the purely inseparable analogue of the Abhyankar
conjecture (Question 1.5) has an affirmative answer for any finite local solvable k-group scheme G.
On the other hand, in [7], Biswas–Borne also proved that if G is abelian, then there exists an
equivalence of categories between the category of tamely ramified G-torsors and the category of G-
torsors of root stacks which are representable by a scheme (cf. [7, §3.4]; see also Theorem 4.15(2)).
Therefore, as a consequence of Theorem 1.8, we have the following result.
Corollary 1.10. (cf. Corollary 4.34) With the above notation, let G be a finite local abelian k-
group scheme. Suppose that there exists an injective homomorphism X(G) →֒ (Qp/Zp)
⊕γ+n−1.
Then there exists an (n − 1)-tuple r = (ri)
n−1
i=1 of integers ri ≥ 0 and a tamely ramified G-torsor
Y −→ X0 with ramification data (D, p
r) such that the restriction Y ×X0 U −→ U gives a Nori-
reduced G-torsor. Namely, the purely inseparable analogue of the strong Abhyankar conjecture
(Question 1.6) has an affirmative answer for any finite local abelian k-group scheme G.
The following are further remarks.
Remark 1.11.
(1) As we state just before Corollary 1.10, by [7, §3.4], for a finite abelian k-group scheme G, a
G-torsor Y −→ r
√
D/X which is representable by a k-scheme gives rise to a tamely ramified
G-torsor Y −→ X with ramification data (D, r). However, the argument in [7, §3.4] does not
work for non-abelian k-group schemes, which is noticed by David Rydh (cf. [7, Appendix §B],
see also Remark 4.17). In this point, the author is not sure whether or not Questions 1.6 and
1.7 are equivalent to each other.
(2) Although Questions 1.6 and 1.7 are motivated by Harbater’s Theorem 1.3, our proof of
the main theorem is done by solving embedding problems and it is more like Pop’s ap-
proach (cf. Theorem 1.4). In fact, one can ask whether an analogous result holds in our
situation as follows.
Let G be a finite local k-group scheme. Then we have an exact sequence
1 −→ G′ −→ G −→ Diag(X(G)) −→ 0, (1.5)
where Diag(X(G)) is the diagonalizable group scheme associated with the group X(G) of characters
of G, and G′ is the kernel of the natural surjective homomorphism G։ Diag(X(G)). Then one can
check that X(G′) = 1. Now we have reached the following question motivated by Pop’s Theorem
1.4.
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Question 1.12. (Purely inseparable analogue of Theorem 1.4) With the same notation as in Ques-
tions 1.6 and 1.7, suppose given a finite local k-group scheme G whose character group X(G) can
be embedded into the group (Qp/Zp)
⊕γ+n−1. Suppose further that G′
def
= Ker(G ։ Diag(X(G)))
is a quotient of the Nori fundamental group scheme πN(A1k) of the affine line A
1
k, i.e. Question 1.5
has an affirmative answer for U = A1k and for G
′. Then do there exist an (n − 1)-tuple r and a
Nori-reduced G-torsor over p
r
√
D/X0 which is representable by a k-scheme? Moreover, does there
exist a Nori-reduced G-torsor over U which is tamely ramified above X \ U except for one point?
One of our missing points for this direction is that we have no answer to the embedding problem
πN( p
∞
√
D/X0)

1 // G′ // G // Diag(X(G)) // 1
unless G′ is solvable (cf. Lemma 4.31). On the other hand, under the assumption that G′ is solvable,
the former question in Question 1.12 has an affirmative answer without the further assumption on
G′, which is a part of the main theorem (Theorem 1.8).
Finally we explain the organization of the present paper.
In §2, we recall the notion of fundamental group schemes and fundamental gerbes, and their
tannakian interpretations, following Borne–Vistoli [9] and Tonini–Zhang [37]. In [6], Biswas–Borne
studied the fundamental gerbes of proper tame stacks, e.g. root stacks associated with proper k-
schemes. On the other hand, we have to deal with root stacks associated with non-proper curves, so
more general setups, e.g. a tannakian interpretation of the Nori fundamental gerbes for non-proper
tame stacks might be required. However, our main interest is the fundamental group schemes of
smooth root stacks, for which a more elementary setup is sufficient, hence one can access the proof
of the main theorem in a more direct way (cf. §4.2), especially without relying on the tannakian
interpretation in terms of Frobenius divided sheaves (cf. §2.5), which will be used for dropping the
smoothness assumption (cf. Appendix B).
In §3, we recall the definition and basic properties of root stacks, for which the main references
are [11] and [36, Chapter 1]. In §2 and §3, there are no original results and, all the results are
well-understood by the experts.
In §4, after reviewing a recent work due to Biswas–Borne on tamely ramified torsors [7, §3], we
shall give a proof of Theorem 1.8. The idea is that a quite similar argument as in the proof of [29,
Proposition 3.4] still works even if one replaces an affine curve U by the pro-system of root stacks
{ p
r
√
D/X0}r. The main ingredients of the proof are Lieblich’s work on twisted sheaves [24] (cf. §4.4)
and a theorem of Alper on vector bundles over algebraic stacks having good moduli spaces [4]. The
former one ensures that our embedding problem is always unobstructed (cf. Lemma 4.31), and the
latter one ensures the existence of representable torsors (cf. Lemma 4.18).
In Appendix §A, as a related topic, we consider the possibility of a generalization of the Katz–
Gabber correspondence (cf. [21]) for finite local torsors, and prove that a na¨ıve generalization is far
from true (cf. Proposition A.6).
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Notation
In the present paper, k always means a field. We denote by Veck the category of finite dimensional
vector spaces over a field k. For an affine k-group scheme G, we denote by Rep(G) the category of
finite dimensional left k-linear representations of G. For each (V, ρ) ∈ Rep(G), we denote by V G
the G-invariant subspace of V , i.e. V G = {v ∈ V | ρ(v) = v ⊗ 1}.
In the present paper, for the basic definitions and notions about algebraic stacks, we follow
Stacks Project [35]. In particular, as a definition of algebraic spaces and algebraic stacks, we
adopt [35, Definition 025X] and [35, Definition 026O] respectively. For any algebraic stack X , we
denote by |X | the underlying topological space (cf. [35, 04XE]) and by |X |0 the set of closed points
of X .
For a ring A, we denote by (Aff/A) the category of affine A-schemes. We consider the fibered
categories
Vect ⊆ QCohfp ⊆ QCoh
over (Aff/A) of locally free sheaves of finite rank, quasi-coherent sheaves of finite presentation
and quasi-coherent sheaves respectively. For any fibered category X over (Aff/A), we define the
categories
Vect(X ) ⊆ QCohfp(X ) ⊆ QCoh(X )
to be
Vect(X )
def
= HomA(X ,Vect)
and similarly QCohfp(X )
def
= HomA(X ,QCohfp) and QCoh(X )
def
= HomA(X ,QCoh). For a field k,
we have Vect(Spec k) = Veck. If X is a Noetherian algebraic stack over a scheme S, we can also
consider the category Coh(X ) of coherent sheaves on X . If X = BSG is the classifying stack of an
affine flat and finitely presented S-group scheme G, then QCoh(BSG) is nothing but the category
of G-equivariant sheaves over S, i.e. quasi-coherent sheaves F on S endowed with an action of
G (cf. [3, §2.1]). Therefore, we get a natural functor QCoh(BSG) −→ QCoh(S) which maps each G-
equivariant sheaf F to the G-invariant subsheaf FG. In the case where S = Spec k is the spectrum
of a field k, all the three categories Coh(BG), Vect(BG) and Rep(G) are canonically equivalent to
each other,
Coh(BG) = Vect(BG) = Rep(G).
For a scheme X over a field k of characteristic p > 0 and a positive integer n > 0, we define the
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nth Frobenius twist X(n) by the Cartesian diagram
X(n)

//

X

Spec k
Fn // Speck,
where F is the absolute Frobenius of Spec k. Then the nth power of the absolute Frobenius morphism
Fn : X −→ X factors uniquely through X(n) and we get a k-morphism X −→ X(n), which is
denoted by F (n) and is called the nth relative Frobenius morphism of X. If k is perfect, the
projection X(n) −→ X is an isomorphism of schemes, but not of k-schemes. Moreover, in this case,
we can also consider the (−n)th Frobenius twist X(−n) of X by using the inverse morphism F−n
of Fn : Spec k
≃
−−→ Spec k. If X −→ Speck is a fibered category of groupoids over a field k of
characteristic p > 0, we define the absolute Frobenius morphism F : X −→ X as the collection of
maps
X (S) −→ X (S) ; ξ 7−→ F ∗S(ξ) = ξ ◦ FS
for S ∈ (Aff/k) (cf. [37, Notations and conventions]). If X = X is a scheme over k, then this
coincides with the one in the previous sense. Moreover, we can also define the relative Frobenius
morphisms F (n) : X −→ X (n) for n > 0 in the same manner as before.
2 Fundamental gerbes and their tannakian interpretations
2.1 Fundamental gerbes
Let k be a field. A finite stack over k is an algebraic stack Γ over k which has finite flat diagonal and
admits a flat surjective morphism U −→ Γ for some finite k-scheme U (cf. [9, Definition 4.1]). A
finite gerbe over k is a finite stack over k which is a gerbe in the fppf topology. A finite stack Γ is a
finite gerbe if and only if it is geometrically connected and geometrically reduced (cf. [9, Proposition
4.3]). A finite gerbe Γ over k is a tannakian gerbe over k in the sense of [33, III §2]. A profinite
gerbe over k is a tannakian gerbe over k which is equivalent to a projective limit of finite gerbes
over k (cf. [9, Definition 4.6]).
Let X be a fibered category in groupoids over k. Suppose that X is inflexible over k in the
sense of [9, Definition 5.3], namely, it admits a profinite gerbe Π over k together with a morphism
X −→ Π such that, for any finite stack Γ over k, the induced functor
Homk(Π,Γ) −→ Homk(X ,Γ)
is an equivalence of categories (cf. [9, Theorem 5.7]). If such a gerbe Π exists for X/k, it is unique
up to unique isomorphism, so we denote it by ΠN
X/k, or Π
N
X for simplicity, and call it the Nori
fundamental gerbe for X over k (cf. [9]). If X is an algebraic stack of finite type over k, from the
definition of ΠN
X/k, for any finite group scheme G over k, there exists a natural bijection
Homk(Π
N
X/k,BkG)
≃
−−→ Homk(X ,BkG) = H
1
fppf(X , G).
In this sense, the Nori fundamental gerbe ΠN
X/k classifies G-torsors over X for any finite group
scheme G over k. If we suppose that an inflexible algebraic stack X over k has a k-rational point
x ∈ X (k), then the composition Speck
x
−−→ X −→ ΠN
X/k defines a section ξ ∈ Π
N
X/k(k), whence
ΠN
X/k ≃ BkAutk(ξ). We denote by π
N(X , x) the group scheme Autk(ξ) over k, which is nothing
other than the fundamental group scheme of (X , x) in the sense of Nori [27, Chapter II]. Namely,
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for any finite group scheme G over k, the set of homomorphisms Homk(π
N(X , x), G) is naturally
bijective onto the set of isomorphism classes of pointed G-torsors over (X , x). We call the profinite
group scheme πN(X , x) the Nori fundamental group scheme of (X , x).
Let X be an inflexible algebraic stack of finite type over k. A morphism X −→ Γ into a finite
gerbe Γ is said to be Nori-reduced (cf. [9, Definition 5.10]) if for any factorization X −→ Γ′ −→ Γ
where Γ′ is a finite gerbe and Γ′ −→ Γ is faithful, then Γ′ −→ Γ is an isomorphism. According
to [9, Lemma 5.12], for any morphism X −→ Γ into a finite gerbe, there exists a unique factorization
X −→ ∆ −→ Γ, where ∆ is a finite gerbe, X −→ ∆ is Nori-reduced and ∆ −→ Γ is representable.
A G-torsor P −→ X is said to be Nori-reduced if the morphism X −→ BG is Nori-reduced.
Next we introduce two variants of the Nori fundamental gerbe, namely, the e´tale and local
fundamental gerbes (cf. [9, §8] [37, §4 Definition 4.1]).
Definition 2.1. (cf. [37, §3 Definition 3.1]) A finite stack Γ over k is said to be e´tale if it admits a
finite e´tale surjective morphism U −→ Γ from a finite e´tale k-scheme U .
If k is of characteristic 0, then any finite gerbe is e´tale. Hence, suppose that k is of positive
characteristic p > 0. To define a well-defined notion of finite local stack, we need more preliminaries.
For each k-algebra A, we denote by Ae´t as the union of k-subalgebras of A which are finite e´tale over
k (cf. [37, §2 Definition 2.1]). Note that Ae´t depends on the base field k. If A ։ B is a surjective
k-algebra homomorphism with nilpotent kernel, then the induced homomorphism Ae´t → Be´t is an
isomorphism (cf. [37, §2 Remark 2.2]). Moreover, for the ith relative Frobenius homomorphism
A(i) = A⊗k k −→ A ; a⊗ λ 7−→ a
piλ,
the induced morphism (A(i))e´t → Ae´t is an isomorphism (cf. [37, §2 Remark 2.3]). If A is a
finite k-algebra, then there exists an integer n ≥ 0 such that the image of the relative Frobenius
homomorphism A(n) → A is an e´tale k-algebra and the residue fields of A(n) are separable over
k (cf. [37, Lemma 2.4]). In particular, the surjective homomorphism A(n) ։ (A(n))red induces an
isomorphism (A(n))e´t
≃
−→ (A(n))red.
For each affine scheme U = SpecA over k, we define U e´t
def
= SpecAe´t. Note that the canonical
morphism U → U e´t is faithfully flat. Let R ⇒ U be a flat groupoid where R and U finite over k.
Then the induced morphisms Re´t ⇒ U e´t define a groupoid. Moreover, if the residue fields of R and
U are separable over k, then the induced morphisms Rred ⇒ Ured also define a groupoid which is
canonically isomorphic to the first one Re´t ⇒ U e´t (cf. [37, §3 Lemma 3.4]).
Definition 2.2. (cf. [37, §3 Definition 3.5]) Let Γ be a finite stack over a field k and let U −→ Γ
be a finite atlas from an affine k-scheme U with R = U ×Γ U . We define an e´tale quotient Γ
e´t as
the stack associated with the groupoid Re´t ⇒ U e´t.
Lemma 2.3. (cf. [37, §3 Lemma 3.6]) With the same notation as in Definition 2.2, for any finite
e´tale stack E over k, the induced morphism
Homk(Γ
e´t, E) −→ Homk(Γ, E)
is an equivalence. Moreover, for any i ≥ 0, the morphism Γe´t −→ (Γ(i))e´t is an equivalence and for
any sufficiently large i≫ 0, the functor Γ(i) −→ (Γ(i))e´t has a section, whence the relative Frobenius
morphism Γ −→ Γ(i) factors through Γe´t.
In particular, the e´tale quotient Γe´t for a finite stack Γ is independent of the choice of atlas
U −→ Γ and is unique up to unique isomorphism.
Definition 2.4. (cf. [37, §3 Definition 3.9]) A finite stack Γ over k is said to be local if Γe´t = Speck.
Moreover, we define a pro-e´tale gerbe, or pro-local gerbe in the same manner as [9, Definition 4.6].
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Definition 2.5. Let X be a fibered category in groupoids over k. An e´tale fundamental gerbe
(respectively local fundamental gerbe) for X is a pro-e´tale gerbe (respectively a pro-local gerbe)
over k together with a morphism X −→ Π such that for any finite e´tale stack (respectively finite
local stack) Γ over k, the induced functor
Homk(Π,Γ) −→ Homk(X ,Γ)
is an equivalence of categories. If such a one Π exists, it is unique up to unique isomorphism and we
denote by Πe´t
X/k (respectively Π
loc
X/k) the e´tale fundamental gerbe (respectively the local fundamental
gerbe) for X .
Proposition 2.6. Let X be an algebraic stack of finite type over k. Then we have the following.
(1) The e´tale fundamental gerbe Πe´t
X/k exists if and only if X is geometrically connected, or
equivalently, H0(OX )e´t = k.
(2) Suppose that X is reduced. Then the local fundamental gerbe Πloc
X/k exists if and only if
H0(OX ) does not contain nontrivial purely inseparable extensions of k.
(3) If X is inflexible, then the e´tale fundamental gerbe Πe´t
X/k and the local fundamental gerbe
Πloc
X/k exist.
Proof. (1) See [37, §2 Lemma 2.7; §4 Proposition 4.3].
(2) See [37, §7 Theorem 7.1].
(3) See [37, §4 Remark 4.2].
2.2 Tannakian reconstruction and recognition
A pseudo-abelian category is an additive category C together with a family JC of sequences of the
form c′ −→ c −→ c′′ in C (cf. [37, Definition]). A Z-linear functor Φ : C −→ D of pseudo-abelian
categories is said to be exact if it maps any sequence of JC to a sequence isomorphic to a one of JD.
Let R be a ring. If X is a fibered category over (Aff/R), then we consider the category Vect(X )
of vector bundles on X as a pseudo-abelian category with the family JVect(X ) of pointwise exact
sequences
F ′ −→ F −→ F ′′
i.e. for any affine R-scheme T and any object ξ ∈ X (T ), the sequence
F ′(ξ) −→ F(ξ) −→ F ′′(ξ)
of vector bundles on T is exact. If C and D are R-linear, monoidal and pseudo-abelian categories,
we denote by HomR,⊗(C,D) the category whose objects are R-linear exact monoidal functors and
whose morphisms are natural monoidal isomorphisms. If f : X −→ Y is a base preserving functor
of categories X and Y over (Aff/R), f∗ ∈ HomR,⊗(Vect(Y),Vect(X )).
Let C be a pseudo-abelian monoidal R-linear category. We define an fpqc stack ΠC in groupoids
over R by attaching to each affine R-scheme T the category
ΠC(T )
def
= HomR,⊗(C,Vect(T )).
Note that there exists a natural monoidal R-linear functor over (Aff/R)
Φ : C −→ Vect(ΠC) ; c 7−→
(
ΠC(T ) ∋ ξ 7→ ξ(c) ∈ Vect(T )
)
. (2.1)
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A pseudo-abelian monoidal R-linear category C over (Aff/R) is said to satisfy tannakian recogni-
tion (cf. [37, §1]) if the functor (2.1) is an equivalence and for any sequence χ : c′ −→ c −→ c′′,
Φ(χ) is pointwise exact if and only if χ ∈ JC .
Let X be a fibered category over (Aff/R). Then there exists a base preserving functor
X −→ ΠVect(X ). (2.2)
A fibered category X in groupoids over (Aff/R) is said to satisfy tannakian reconstruction (cf. [37,
§1]) if the functor (2.2) is an equivalence.
Then a classical Tannaka duality (cf. [12, The´ore`me 1.12]) can be restated in the following way.
Theorem 2.7. (cf. [37, §1 Example 1.5]) Let k be a field. If T is a k-tannakian category, then it
satisfies tannakian recognition and ΠT is a tannakian gerbe over k. Conversely, if Π is a tannakian
gerbe over k, then it satisfies tannakian reconstruction and Vect(Π) is a k-tannakian category.
Moreover, Nori’s reconstruction theorem (cf. [27, Chapter I, §2.2 Proposition 2.9]) can be re-
stated in the following way.
Proposition 2.8. Let G be an affine group scheme over k and X a fibered category in goupoids
over k. Then there exists a natural equivalence of categories,
Homk(X ,BG)
≃
−−→ Homk,⊗(Vect(BG),Vect(X )).
This is valid because BG = ΠVect(BG) and the natural functor
Homk(X ,ΠVect(BG)) −→ Homk,⊗(Vect(BG),Vect(X )).
is an equivalence of categories (cf. [37, §1]).
2.3 Tannakian interpretation in the pseudo-proper case: Essentially finite bun-
dles
In this subsection, we recall a tannakian interpretation of the Nori fundamental gerbe under a
properness assumption, which was originally given by Nori [26] for the fundamental group scheme.
We shall follow a simplified argument due to Borne–Vistoli [9, §7].
Definition 2.9. (cf. [9, §7 Definition 7.1]) A fibered category X over k is said to be pseudo-proper
if it satisfies the following conditions.
(i) There exists a quasi-compact scheme U and a morphism U −→ X which is representable,
faithfully flat, quasi-compact and quasi-separated.
(ii) For any locally free sheaf E of OX -modules on X , the k-vector space H
0(X , E) is finite-
dimensional.
Example 2.10. (cf. [9, §7 Examples 7.2])
(1) A finite stack Γ over k is pseudo-proper.
(2) A tannakian gerbe Φ over k is pseudo-proper.
Now let X be a pseudo-proper fibered category in groupoids over a field k. Then, the category
Vect(X ) of vector bundles on X is a k-linear rigid tensor category with finite-dimensional Hom
vector spaces, in which the idempotents split, and the Krull–Schmidt theorem holds in Vect(X ).
Namely, every object E of Vect(X ) can be described as a direct product of indecomposable objects
Ei (1 ≤ i ≤ n), E ≃ ⊕
n
i=1Ei, and moreover such a description of E is unique up to isomorphism.
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Definition 2.11. (cf. [9, §7 Definition 7.5]) A vector bundle E ∈ Vect(X ) is said to be finite if there
exist f and g in N[t] with f 6= g such that f(E) ≃ g(E), or equivalently, the set of isomorphism
classes of indecomposable components of all the powers of E is finite.
In particular, if E is a finite bundle over X , then all the indecomposable components are also
finite. Moreover, if E and E′ are finite bundles on X , then the direct sum E⊕E′, the tensor product
E ⊗OX E
′ and the dual E∨ are also finite (cf. [9, §7 Proposition 7.6]).
Definition 2.12. (cf. [9, §7 Definition 7.7]) A vector bundleE over a pseudo-proper fibered category
in groupoids over k is said to be essentially finite if it is the kernel of a homomorphism between
two finite bundles. We denote by EFin(X ) the category of essentially finite bundles over X .
Example 2.13. (cf. [9, §7 Proposition 7.8]) Let Φ be a profinite gerbe over a field k. Then all the
vector bundles on Φ are essentially finite, whence
Vect(Φ) = EFin(Φ).
Indeed, if we write Φ = lim←−i∈I Γi with Γi finite, then Vect(Φ) = lim−→i∈I Vect(Γi). Therefore, it suffices
to prove the claim in the case where Φ = Γ is finite. Since Γ is a finite gerbe over k, there exists a
faithfully flat representable morphism π : T
def
= SpecK −→ Γ from the spectrum of a field K which
is finite over k. First note that the vector bundle π∗OT is finite on Γ because
π∗OT ⊗ π∗OT ≃ π∗(OT ⊗ π
∗π∗OT ) ≃ π∗(O
⊕d
T ),
for some d > 0. Now fix an arbitrary vector bundle E ∈ Vect(Γ). Let E be of rank r > 0. Since T
is the spectrum of a field, we have π∗E ≃ O⊕rT , whence E →֒ π∗π
∗E ≃ π∗O
⊕r
T . Again by using the
fact that T is the spectrum of a field together with flat descent, we can easily see that the cokernel
of this inclusion is also a vector bundle over Γ and can be embedded into π∗O
⊕m
T for some m > 0.
As π∗OT is a finite bundle over Γ, we can conclude that E is essentially finite.
Theorem 2.14. (Nori, Borne–Vistoli, cf. [26] [9, §7 Theorem 7.9]) Let X be an inflexible and
pseudo-proper fibered category over a field k and X −→ ΠN
X/k the Nori fundamental gerbe for X/k.
Then the pullback functor
Vect(ΠNX/k) −→ Vect(X )
is fully faithful and gives an equivalence of tensor categories between Vect(ΠN
X/k) and EFin(X ). In
particular, the category EFin(X ) of essentially finite bundles over X is a tannakian category over
k.
Corollary 2.15. (cf. [9, §7 Corollary 7.10]) Let Φ be a tannakian gerbe over a field k. Then, the
full subcategory EFin(Φ) consisting of essentially finite bundles is a tannakian category over k.
Let us introduce the following notation.
Definition 2.16. Let k be a field and T a tannakian category over k. We define the full tannakian
subcategory EFin(T ) of T to be the essential image of the fully faithful functor EFin(ΠT ) →֒
Vect(ΠT )
≃
←−− T (cf. Theorem 2.7 and Corollary 2.15). We denote by Π̂T the tannakian gerbe
ΠEFin(T ) associated with the tannakian category EFin(T ) over k. By definition, Π̂T is a profinite
gerbe over k.
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2.4 Formalism for tannakian interpretations
Let k be a field and consider two fibered categories X and XT over (Aff/k) together with a base
preserving functor πT : X −→ XT . Define T (X )
def
= Vect(XT ), which is a pseudo-abelian rigid
monoidal k-linear category and which admits a k-linear monoidal exact functor π∗T : T (X ) −→
Vect(X ). We will apply the following formalism to the fibered categories XT = X
(∞) (cf. §2.5) and
XT = Speck (cf. §4.1)
Axiom 2.17. (cf. [37, §5 Axioms 5.2]) Let L
def
= EndT (X )(1T (X )) and consider the following condi-
tions.
(A) T (X ) = QCohfp(XT ).
(B) The functor π∗T : T (X ) −→ Vect(X ) is faithful.
(C) For all finite e´tale stacks Γ over L, the following functor is an equivalence of categories,
HomL(XT ,Γ) −→ HomL(X ,Γ).
The following provides us a formalism to get a tannakian interpretation of the e´tale fundamental
gerbe.
Theorem 2.18. (Tonini–Zhang, cf. [37, §5 Theorem 5.8])
(1) Suppose that Axiom 2.17(A) is satisfied and L is a field. Then Axiom 2.17(B) is satisfied and
T (X ) is an L-tannakian category. Moreover, for any tannakian gerbe Γ over L, the functor
HomL(ΠT (X ),Γ) −→ HomL(XT ,Γ)
is an equivalence of categories.
(2) (cf. [37, §5 Proposition 5.7]) Suppose that Axiom 2.17(A) is satisfied. If X is connected and
Axiom 2.17(B) is satisfied, then L is a field.
(3) Suppose that Axioms 2.17(A), (C) are satisfied and that L is a field. Then the morphism
X −→ Πe´t
T (X )
def
= (ΠT (X ))
e´t gives the e´tale fundamental gerbe for X over L.
Vect(Πe´tX/L) ≃ EFin(T (X )).
From now on, we shall assume that k is a field of positive characteristic p > 0. If X be a fibered
category over (Aff/k), then the Frobenius pullback
F ∗ : Vect(X ) −→ Vect(X )
is defined by applying the absolute Frobenius pointwise. The functor F ∗ is an Fp-linear exact
monoidal functor.
Definition 2.19. (cf. [37, §5 Definition 5.11]) For each integer i ≥ 0, we define the category Ti(X )
to be the category of tuples (F ,G, λ) where
• F ∈ Vect(X ),
• G ∈ T (X ), and
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• λ : F i∗F
≃
−−→ G|X
def
= π∗T G is an isomorphism.
A morphism (F ,G, λ) −→ (F ′,G′, λ′) is a pair of morphisms F −→ F ′ and G −→ G′ which are
compatible with the isomorphisms λ and λ′. The category Ti(X ) is Fp-linear monoidal and rigid
with the unit object 1Ti(X ) = (OX ,OXT , id). We endow Ti(X ) with a k-structure via
k −→ EndTi(X )(1Ti(X )) ; a 7−→ (a, a
pi).
We consider Ti(X ) as a pseudo-abelian category together the distinguished set JTi(X ) of sequences
which are pointwise exact. The forgetful functor Ti(X ) −→ Vect(X ) is k-linear monoidal and exact.
There exists a k-linear monoidal and exact functor
Ti(X ) −→ Ti+1(X ) ; (F ,G, λ) 7−→ (F , F
∗G, F ∗λ). (2.3)
We define T∞(X ) as the direct limit of the categories Ti(X ). The category T∞(X ) is a k-linear
monoidal rigid category.
The following provides us a formalism to get a tannakian interpretation of the Nori fundamental
gerbe.
Theorem 2.20. (Tonini–Zhang, cf. [37, §5 Theorem 5.14]) Suppose that Axiom 2.17(A) is satisfied
for πT : X −→ XT , that L = L0 = EndT (X )(1T (X )) is a field and the following condition holds for
X .
For any F ∈ QCohfp(X ), if F
∗F ∈ Vect(X ), then F ∈ Vect(X ). (2.4)
Then we have the following.
(1) For any i ∈ N ∪ {∞}, the ring Li
def
= EndTi(X )(1Ti(X )) is a field, Ti(X ) is an Li-tannakian
category and ΠTi(X ) is a tannakian gerbe over Li, and the functor Ti(X ) −→ Vect(X ) is
faithful monoidal and exact.
(2) The functors Ti(X ) −→ Ti+1(X ) and Ti(X ) −→ T∞(X ) are faithful monoidal, exact and
compatible with the forgetful functors Ti(X ) −→ Vect(X ). The functor T∞(X ) −→ Vect(X )
induces a morphism X −→ ΠT∞(X ), whence X is a fibered category over L∞. Moreover,
L∞ = {x ∈ H
0(OX ) | x
pi ∈ L0 for some i ≥ 0}
is purely inseparable over L0.
(3) For any i ∈ N ∪ {∞}, we have
EFin(Ti(X )) = {(F ,G, λ) | G ∈ EFin(T (X ))}
in Ti(X ), and EFin(T∞(X )) ≃ lim−→i EFin(Ti(X )). Moreover, the morphism X −→ Π
loc
T∞(X )
def
=
(ΠT∞(X ))
loc is the local fundamental gerbe for X over L∞.
(4) Suppose also that Axiom 2.17(C) holds. Then X −→ Π̂T∞(X ) (cf. Definition 2.16) is the Nori
fundamental gerbe for X over L∞ and we have an equivalence of L∞-tannakian categories,
Vect(ΠNX/L∞) ≃ EFin(T∞(X )).
Example 2.21. (cf. [37, §5 Remark 5.15]) If X is a reduced fibered category in groupoids over a
field k. Then the condition (2.4) is fulfilled.
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2.5 Example: Frobenius divided sheaves
The results of this subsection will be used only in Appendix §B. In §B, the Nori fundamental gerbes
of non-smooth tame stacks will be studied, which is not necessary for the proof of the main theorem.
Thus, the reader can access the main theorem without following the results in this subsection.
Let k be a perfect field of characteristic p > 0.
Definition 2.22. (cf. [37, §6 Definition 6.20]) Let X be a fibered category in groupoids over k.
We define the fibered category X (∞) in groupoids over k together with a morphism X −→ X (∞) as
follows. Consider the sequence of the relative Frobenius morphisms
X −→ X (1) −→ X (2) −→ · · · −→ X (i) −→ · · ·
and define X (∞) to be the limit
X (∞)
def
= lim
−→
i∈N
X (i)
and the morphism X −→ X (∞) to be the natural morphism. We define the category Fdiv(X ) of
Frobenius divided sheaves on X , or shortly F -divided sheaves on X , by
Fdiv(X )
def
= Vect(X (∞)).
We apply the formalism discussed in the previous section to the morphism of fibered categories
π = πFdiv : X −→ XFdiv = X
(∞).
Theorem 2.23. (dos Santos, Tonini–Zhang, cf. [13] [37, §6 Theorem 6.23]) Let X be a geometrically
connected algebraic stack of finite type over k. Then all the Axioms 2.17(A), (B) and (C) are satisfied
for X −→ X (∞) and L = EndFdiv(X )(1Fdiv(X )) = k. Therefore, Fdiv(X ) is a k-tannakian category.
Remark 2.24. Moreover, the associated tannakian gerbe ΠFdiv(X ) is banded by a pro-smooth affine
group scheme (cf. [13] [37]).
As a consequence, we get tannakian interpretations of the fundamental gerbes in positive char-
acteristic.
Corollary 2.25. (Gieseker, dos Santos, Esnault–Hogadi, Tonini–Zhang, cf. [15] [13] [14] [37]) Let
X be a geometrically connected algebraic stack of finite type over k. Then we have the following.
(1) There exists a natural equivalence of tannakian categories over k,
Vect(Πe´tX/k) ≃ EFin(Fdiv(X )).
(2) If moreover X is geometrically reduced, then there exists a natural equivalence of tannakian
categories over k, which extends the one given in (1),
Vect(ΠNX/k) ≃ EFin(Fdiv∞(X )).
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3 Root stacks and quasi-coherent sheaves of them
3.1 Finite linearly reductive group schemes
In this subsection, we recall the definition of linearly reductive group schemes. First, a finite flat
group scheme G over a scheme S is called diagonalizable if it is isomorphic to the Cartier dual of
a constant abelian group scheme. To a finite abelian group Γ, one can associate the diagonalizable
group scheme, which we denote by DiagS(Γ), over S (cf. [40, Section 2.2]). Note that the Cartier
dual of DiagS(Γ) is canonically isomorphic to the constant group scheme associated with Γ. The
formulation of DiagS(Γ) is compatible with any base change, i.e. for any morphism S
′ −→ S of
schemes, there exists a canonical isomorphism
DiagS′(Γ)
≃
−−→ DiagS(Γ)×S S
′
(cf. [18, §1 1.1.2]).
Let S be the spectrum of a strictly henselian local ring or a separably closed field. For an
affine flat S-group scheme G, we will denote by X(G) the group of characters of G, namely X(G)
def
=
HomS-gr(G,Gm,S). If G is diagonalizable, then the character group X(G) recovers the original group
scheme G, i.e. there exists a canonical isomorphism
G
≃
−−→ DiagS(X(G)).
In fact, the correspondence Γ 7−→ DiagS(Γ) gives an anti-equivalence between the category of finite
abelian groups and the category of finite diagonalizable S-group schemes and a quasi-inverse functor
is given by G 7→ X(G).
A finite flat group scheme G over a scheme S is said to be linearly reductive (cf. [3, §2]) if the
functor
QCoh(BSG) −→ QCoh(S); F 7−→ F
G
is exact. If S = Spec k is the spectrum of a field k, then the latter condition can be replaced by the
condition that the functor
Rep(G) −→ Veck; V 7−→ V
G
is exact, or equivalently, Rep(G) is a semisimple category. In [3], a classification of finite flat linearly
reductive group schemes (cf. [3, Theorem 2.16]) is given for a general base scheme S. Here, we recall
the classification theorem only in a special case.
Proposition 3.1. (cf. [3, Proposition 2.10]) If S is the spectrum of a separably closed field k, then
a finite flat group scheme G over S is linearly reductive if and only if it admits an exact sequence
1 −→ ∆ −→ G −→ H −→ 1
such that H is constant and tame and ∆ is a diagonalizable group scheme. Moreover, the extension
admits a splitting after an fppf cover of S. Here, a finite e´tale group scheme over S is said to be
tame if the degree is prime to the characteristic of k.
3.2 Tame stacks
Let S be a scheme and X be an algebraic stack locally of finite presentation over S with finite
inertia IX/S. In this case, according to [22] [28, Definition 11.1.1], there exists a coarse moduli space
π : X −→ X, i.e. a morphism into an algebraic space over S satisfying the following two conditions.
(i) The induced map X (ξ) −→ X(ξ) is bijective for any geometric point ξ.
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(ii) The morphism π is universal for maps to algebraic spaces.
The morphism π : X −→ X is proper, and the map OX −→ π∗OX is an isomorphism (cf. [28,
Theorem 11.1.2(ii)]).
Definition 3.2. Under the above situation, X is said to be tame if the functor π∗ : QCoh(X ) −→
QCoh(X) is exact.
Example 3.3. Let G be a finite flat group scheme of finite presentation over S. Then the structure
morphism π : BSG −→ S is a coarse moduli of the classifying stack BSG and if we identify
QCoh(BSG) with the category of G-equivariant sheaves over S, the functor π∗ : QCoh(BSG) −→
QCoh(S) is nothing but the one taking the G-invariant part, i.e. π∗F = F
G. Therefore, BSG is
tame if and only if G is a linearly reductive S-group scheme.
Theorem 3.4. (cf. [3, §3 Theorem 3.2]) With the same notation as in Definition 3.2, the following
are equivalent.
(a) X is tame.
(b) There exists an fppf cover X ′ −→ X, a linearly reductive group scheme G over X ′ acting on
a finite X ′-scheme U of finite presentation such that
X ×X X
′ ≃ [U/G].
Corollary 3.5. (cf. [3, §3 Corollaries 3.3, 3.4 and 3.5]; [4, §7 Proposition 7.4]) Let X −→ S be as
above and π : X −→ X a coarse moduli space. Then we have the following.
(1) Suppose that X is tame. For any morphism of S-algebraic spaces X ′ −→ X, the coarse moduli
space of X ×X X
′ is the projection X ×X X
′ −→ X ′.
(2) Suppose that X is tame. If X is flat over S, then X is also flat over S.
(3) If X is tame, then for any morphism of schemes S′ −→ S, X ×S S
′ is a tame stack over S′.
(4) The algebraic stack X over S is tame if and only if for any morphism Speck −→ S with k
algebraically closed, the fiber X ×S Speck is tame.
(5) The morphism π : X −→ X is a universal homeomorphism.
3.3 Root stacks and quasi-coherent sheaves of them
Let S = Speck be the spectrum of a field k and X be an algebraic stack over k. Recall that there
exists a natural equivalence of groupoids
Pic(X ) ≃ Homk(X ,BkGm),
where Pic(X ) is the groupoid of invertible sheaves over X . Under this equivalence, each invertible
sheaf L on X corresponds to a Gm-torsor P(L) −→ X defined by P(L)
def
= SpecX (
⊕
i∈Z L
⊗i).
Moreover, under the above equivalence, each global section s ∈ H0(X ,L) of an invertible sheaf L
corresponds to a Gm-equivariant function P(L) −→ A
1
k. This amounts to saying that there exists
a natural equivalence between the groupoid Homk(X , [A
1
k/Gm]) and the groupoid of all the pairs
(L, s) of an invertible sheaf L on X together with a global section s ∈ H0(X ,L), where the action
of Gm on A
1
k is defined by the natural multiplication. Since
[Ank/G
n
m] = [A
1
k/Gm]×k · · · ×k [A
1
k/Gm]
for each positive integer n > 0, the groupoid Homk(X , [A
n
k/G
n
m]) is equivalent to the groupoid of
families (L, s) = (Li, si)
n
i=1 of such pairs (Li, si).
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Definition 3.6. Suppose given a morphism X −→ [Ank/G
n
m], which corresponds to a family (L, s),
and an n-tuple r = (ri)
n
i=1 of positive integers ri > 0. We define the algebraic stack
r
√
(L, s)/X as
the 2-fiber product
r
√
(L, s)/X

//

[Ank/G
n
m]
θr

X // [Ank/G
n
m],
where θr is the rth power map a = (ai)
n
i=1 7−→ a
r = (arii )
n
i=1. We denote by πr, or simply π if no
confusion occurs, the natural map r
√
(L, s)/X −→ X .
From the definition, for any two n-tuples r and r′ with r | r′, which means ri | r
′
i for any i, there
exists a natural X -morphism
r′
√
(L, s)/X −→ r
√
(L, s)/X
which stems from the endomorphism θr′/r of [A
n
k/G
n
m], where r
′/r = (r′i/ri)
n
i=1. In fact, if we put
Y = r
√
(L, s)/X , then we have r
′/r
√
(L′, s′)/Y = r
′
√
(L, s)/X , where (L′, s′) is the family of pairs
which defines the morphism Y −→ [Ank/G
n
m].
Moreover, if f : Y −→ X is a morphism of algebraic stacks over k, then we have
Y ×X
r
√
(L, s)/X = r
√
(f∗L, f∗s)/Y .
Example 3.7.
(1) Let X be a scheme over k. If all the si are nowhere vanishing sections, or equivalently, if the
associated Gm-equivalent morphisms P(Li) −→ A
1
k factor through Gm, then the morphism
X −→ [Ank/G
n
m] factors through [G
n
m/G
n
m] = S, whence π :
r
√
(L, s)/X
≃
−−→ X.
(2) Let X = SpecA be an affine scheme. If Li = OX for any i, then we have
r
√
(L, s)/X ≃ [
(
SpecA[t]/(tr − s)
)
/µr].
Proposition 3.8. With the above notation, put Y = r
√
(L, s)/X . Then we have the following.
(1) (cf. [11, Theorem 2.3.2]) The diagonal ∆ : Y −→ Y ×X Y is finite.
(2) (cf. [11, Corollary 2.3.6]) The morphism π : Y −→ X is faithfully flat and quasi-compact.
(3) (cf. [36, Theorem 1.2.31 and Proposition 1.2.32]) If X = X is an algebraic space over k, then
Y is a tame stack over k with π : Y −→ X the coarse moduli space of Y.
Proof. (1) It suffices to show the map θr : [A
n
k/G
n
m] −→ [A
n
k/G
n
m] has finite diagonal. Since the
natural projection Ank −→ [A
n
k/G
n
m] is a smooth surjective morphism, we are reduced to the case
where X = Ank = Spec k[x1, . . . , xn] and Y =
r
√
(OAnk , xi)
n
i=1/A
n
k = [A
n
k/µr]. Namely, it suffices to
show that the morphism [Ank/µr] −→ A
n
k has finite diagonal. However, since the natural morphism
Ank −→ [A
n
k/µr] is a finite flat surjective morphism, we get a Cartesian diagram with two vertical
arrows finite flat and surjective,
Spec k[x,y,t](x−ty,tr−1)

//

Spec k[x,y](xr−yr)

[Ank/µr]
// [Ank/µr]×Ank [A
n
k/µr].
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Since the top horizontal arrow is finite, this implies that the bottom one is also finite. This completes
the proof.
(2) It suffices to show the claims for θr : [A
n
k/G
n
m] −→ [A
n
k/G
n
m]. However, since the diagram
Ank
//

[Ank/G
n
m]
θr

Ank
// [Ank/G
n
m]
is commutative, where the two horizontal arrows are the universal Gnm-torsors and the left vertical
arrow is the rth power map, it suffices to show the claims for the rth power map Ank −→ A
n
k (cf. [35,
Lemma 06FM]), which are standard facts.
(3) Since the problem is Zariski local for X, we may assume that X = SpecA is an affine scheme
over k and the invertible sheaves Li are trivial. Then, thanks to Theorem 3.4, the claim follows
from the description given in Example 3.7(2).
Proposition 3.9. (cf. [36, Proposition 1.2.35]) With the same notation as in Proposition 3.8, we
have the following.
(1) OX
≃
−−→ π∗OY .
(2) For any quasi-coherent sheaves E on X and F on Y,
π∗F ⊗ E
≃
−−→ π∗(F ⊗ π
∗E).
(3) For any quasi-coherent sheaf E on X ,
E
≃
−−→ π∗π
∗E .
Therefore, the functor π∗ : QCoh(X ) −→ QCoh(Y) is fully faithful.
Proof. (3) follows from (1) and (2). Therefore, it suffices to show (1) and (2). As explained in the
proof of [36, Proposition 1.2.35], by considering an fppf cover U −→ X from a k-scheme U , the
problems can be reduced to the case where X = X is a scheme, whence, by Proposition 3.8, Y is a
tame stack with π : Y −→ X the coarse moduli space. Then (1) holds as we recall at the beginning
of the previous subsection §3.2. Moreover, for the second claim (2), see [4, Proposition 4.5].
We will apply the above arguments to the following specific situation.
Definition 3.10. Let X be a locally Noetherian scheme over k. Let D = (Di)i∈I be a finite family
of reduced irreducible distinct effective Cartier divisors Di on X. We set D
def
=
⋃
i∈I Di ⊂ X.
Furthermore, suppose given a family r = (ri)i∈I of integers ri > 0. For each i ∈ I, we denote
by sDi the canonical section of OX(Di), i.e. sDi : OX →֒ OX(Di) is the natural inclusion. Let
OX(D) = (OX(Di))i∈I and sD = (sDi)i∈I . For each r = (ri)i∈I with ri > 0, we define
X
r def= r
√
D/X
def
= r
√
(OX(D), sD)/X
and call it the root stack associated with X and the data (D, r).
Proposition 3.11. (cf. [8, §2.4.1] [7, Lemmas 3.2 and 3.4]) With the above notation, we have the
following.
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(1) For any open affine neighbourhood U = SpecA together with local equations si = 0 for Di on
U so that si : OX(Di)|U
≃
−−→ OU , we have an isomorphism
U ×X
r
√
D/X ≃ [
(
SpecA[t]/(tr − s)
)
/µr].
(2) For any closed point ξ = [x] ∈ | r
√
D/X |0 = |X|0, there exists a unique gerbe Gξ −→ Speck(x),
which we call the residual gerbe at ξ, such that Gξ is a Noetherian algebraic substack of
r
√
D/X and the image of |Gξ|0 −→ |
r
√
D/X |0 is ξ. Moreover, for any ξ = [x] ∈ |
r
√
D/X |0, the
residual gerbe Gξ at ξ is neutral and non-canonically isomorphic to Bk(x)µrx , where the index
rx = (rx,i)i∈I is defined to be
rx,i =
{
1 if x 6∈ Di,
ri if x ∈ Di.
(3.1)
Proof. (1) follows from the description given in Example 3.7(2) together with the fact that
(OU (Di), sDi)
si−−→
≃
(OU , si)
for any i ∈ I.
(2) The uniqueness of such a gerbe follows from [35, Lemma 06MT]. Let us prove the ex-
istence. The problem is Zariski local, by (1), we can replace r
√
D/X by the quotient stack
X
def
= [
(
SpecA[t]/(tr − s)
)
/µr]. For any x ∈ SpecA, we have
X ×X x = [
(
Spec k(x)[t]/(tr − s(x))
)
/µr]
≃
∏
si(x)=0
[(Spec k(x)[ti]/(t
ri
i ))/µri ],
hence
(X ×X x)red =
∏
si(x)=0
[Speck(x)/µri ] ≃ Bk(x)µrx
gives a desired gerbe Gξ above x.
The following is a variant of a theorem due to Alper [4, §10 Theorem 10.3].
Proposition 3.12. With the same notation as in Definition 3.10, let r′ be another index with r | r′.
Then we have the following.
(1) For any closed point ξ of Xr
′
, the induced morphism πξ : G
′
ξ −→ Gξ between the residual
gerbes is a gerbe. More precisely, each closed point ξ = [x] ∈ |Xr
′
|0 = |X|0 gives rise to the
2-Cartesian diagram
Bk(x)(µr′x/rx)

//

G′ξ

Spec k(x) // Gξ.
(2) Let E be a vector bundle on Xr
′
. Suppose that for any closed point ξ of Xr
′
, we have
π∗ξπξ∗(E|G′ξ)
≃
−−→ E|G′ξ . Then π
∗π∗E
≃
−−→ E and π∗E is a vector bundle on X
r.
(3) The functor π∗ : Vect(Xr) −→ Vect(Xr
′
) is fully faithful and the essential image consists of all
the vector bundles E on Xr
′
such that for any closed point ξ of Xr
′
, we have π∗ξπξ∗(E|G′ξ)
≃
−−→
E|G′ξ . Moreover, the essential image of the functor π
∗ : Vect(Xr) −→ Vect(Xr
′
) is closed under
taking subquotients.
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Proof. (1) By taking an fppf covering T −→ X with T a scheme, the assertion can be deduced from
Proposition 3.11(2) (cf. [35, Lemma 06QF]).
(2) Take fppf coverings f : T −→ Xr and f ′ : T ′ −→ Xr
′
with T and T ′ schemes and consider
the commutative diagram
T ′′

g′ //
f ′′

T ′
f ′

X
r
′
×Xr T
g //
pi′


X
r
′
pi

T
f
// Xr.
where all the squares are 2-Cartesian. Note that f ′′ : T ′′ −→ Xr
′
×XrT is an fppf covering with T
′′ a
scheme. Then, for any morphism φ : E1 −→ E2 of vector bundles on X
r′ , φ is an isomorphism if and
only if g′∗f ′∗φ = f ′′∗g∗φ is an isomorphism, and the latter condition is equivalent to the condition
that g∗φ is an isomorphism.
Then the claims are equivalent to saying that g∗π∗π∗E
≃
−−→ g∗E and f∗π∗E is a vector bundle
on T . However, since f : T −→ Xr is flat, by flat base changing, we get
g∗π∗π∗E ≃ π
′∗f∗π∗E ≃ π
′∗π′∗g
∗E
and similarly, f∗π∗E ≃ π
′
∗g
∗E . Hence, the problem is reduced to the absolute case π : Xr
′/r −→ X,
which follows from [4, §10 Theorem 10.3].
(3) The description of the essential image is immediate from (2). The full faithfulness follows
from Proposition 3.9(3). The last assertion is a consequence of (1).
Proposition 3.13. (cf. [5, Proposition 3.9(c)]) With the same notation as in Definition 3.10, sup-
pose further that X is smooth over a perfect field k, that each Di is smooth over k, and that D is
a simple normal crossings divisor on X. Then the root stack r
√
D/X is a smooth algebraic stack
over k.
Proof. Since the problem is Zariski local, we may assume that
X
def
= r
√
D/X ≃ [Z/µr]
for some Z = SpecA[t]/(tr − s) with X = SpecA (cf. Proposition 3.11(1)), where s1, . . . , sn is a
regular sequence in A. Let us begin with showing that Z is smooth over k. Let p : Z −→ X
pi
−−→ X
be the composition of the quotient map with the coarse moduli space map π. Let D′
def
= p−1(D).
Then note that D′ = (V (ti))
n
i=1, where V (ti) = {ti = 0}, and t1, . . . , tn is a regular sequence.
By [35, Lemma 0BIA], the scheme theoretic intersection ∩ni=1Di is a regular scheme. However, since
A[t]/(tr − s, t1, . . . , tn) = A/(s1, . . . , sn) = O∩ni=1Di ,
by [35, Lemma 00NU], we can find that Z is regular over k. However, as k is perfect, by [35, Lemma
0CBP], the same is true after base change any algebraic extension of k. Namely Z is a geometrically
regular and hence by [35, Lemma 038X], Z is a smooth k-scheme.
Let W −→ X be a smooth atlas and put
W ′
def
= W ×X Z.
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Since the projection W ′ −→ Z is smooth and Z is a smooth k-scheme, W ′ is smooth over k. Then
we get the commutative diagram
W ′ //
##❍
❍❍
❍❍
❍❍
❍❍
W

Speck.
Since W ′ −→ W is an fppf covering, by [35, Lemma 05B5], W must be a smooth k-scheme. This
completes the proof.
4 Embedding problem over root stacks
4.1 Local fundamental group schemes
Let k be a field of characteristic p > 0 and X a reduced algebraic stack over k such that H0(OX )
contains no nontrivial purely inseparable extension of k, which admits the local fundamental gerbe
X −→ Πloc
X/k (cf. Definition 2.5 and Proposition 2.6(2)). By applying the formalism in §2.4, to the
structure morphism X −→ Speck = XT , we get a tannakian interpretation of the local fundamental
gerbe Πloc
X/k. With the same notation as in §2.4, we consider the categories
Di(X )
def
= Ti(X )
for i ≥ 0 with XT = Spec k and the functors
Di(X ) −→ Di+1(X ) ; (F , V, λ) 7−→ (F
∗F , F ∗k V, F
∗λ).
Recall that D∞(X ) = lim−→iDi(X ).
Theorem 4.1. (Tonini–Zhang, cf. [37, §7 Theorem 7.1]) Let k be a field of characteristic p > 0
and X a reduced algebraic stack over k such that H0(OX ) contains no nontrivial purely inseparable
extension of k. Then, all the categories Di(X ) (i ≥ 0) and D∞(X ) are tannakian categories over k
and the above functors Di(X ) −→ Di+1(X ) are k-linear monoidal exact functors. Moreover, there
exists a canonical equivalence of tannakian categories
D∞(X )
≃
−−→ Vect(ΠlocX/k).
Proof. All the statements except for the last equivalence are immediate consequences of Theorem
2.20(1) and (2). However, by Theorem 2.20(3), we have D∞(X ) = EFin(D∞(X )) and the morphism
X −→ Πloc
D∞(X )
= ΠD∞(X ) is the local fundamental gerbe over k. This completes the proof.
Furthermore, if k is perfect, then the local fundamental gerbe Πloc
X/k is neutral.
Proposition 4.2. (Romagny–Tonini–Zhang, cf. [32, §2]) Let Γ be a pro-local gerbe over a perfect
field of characteristic p > 0. Then Γ(k) 6= ∅ and, for any two objects ξ, ξ′ ∈ Γ(k), there exists
exactly one isomorphism ξ
≃
−−→ ξ′. In other words, the tannakian category Vect(Γ) has a neutral
fiber functor which is unique up to unique isomorphism.
Proof. Since Vect(Γ) ≃ Vect(ΠlocΓ/k), we may assume that Γ = Π
loc
X/k for some reduced algebraic stack
X over k. Then by Theorem 4.1, it suffices to show the claim for D∞(X ). Indeed, the functors
Di(X ) −→ Veck ; (F , V, λ) 7−→ F
−i∗
k V define neutral fiber functors compatible with transition
functors Di(X ) −→ Di+1(X ), whence we get a neutral fiber functor of D∞(X ). Suppose given two
neutral fiber functors ω and ω′ of D∞(X ). Then the sheaf of isomorphisms P
def
= Isom⊗k (ω, ω
′) is a
torsor over k under a pro-local k-group scheme, which admits a unique k-rational point Spec k =
Pred −→ P . Therefore, there exists a unique isomorphism ω
≃
−−→ ω′. This completes the proof.
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Corollary 4.3. (U¨nver, Zhang, Romagny–Tonini–Zhang, cf. [39] [41] [32, §2]) Let X be a reduced
algebraic stack over a perfect field k with X (k) 6= ∅. Then the local fundamental gerbe πloc(X , x)
is independent of the choice of the k-rational point x. More precisely, for any two k-rational points
x, x′ ∈ X (k), there exists exactly one isomorphism of pro-local k-group schemes πloc(X , x)
≃
−−→
πloc(X , x′). Moreover, for any k-rational point x ∈ X (k), there exist equivalences of categories
Homk(π
loc(X , x), G)
≃ // Hom(Πloc
X/k,BG)
≃ // H1fppf(X , G)
for any finite local k-group scheme G.
Hence, from now on, we write πloc(X ) instead of πloc(X , x) for the local fundamental group
scheme of (X , x). The local fundamental group scheme πloc(X ) has a more explicit description as
follows. Let L(X) be the category of pairs (P, G) where G is a finite local k-group scheme and
P −→ X is a G-torsor. Then the category L(X ) is cofiltered and the projective limit
lim←−
(P,G)∈L(X )
(P, G)
exists and the underlying group scheme of the limit is canonically isomorphic to πloc(X ).
Let X be a reduced algebraic stack of finite type over an algebraically closed field k of charac-
teristic p > 0. Let πloc(X ) be the local fundamental group scheme of X . As k is algebraically closed
of characteristic p > 0, a finite local group scheme G over k is linearly reductive if and only if it is
diagonalizable, i.e. G ≃ Diag(A) for some abelian p-group A (cf. Proposition 3.1). Therefore, the
isomorphism class of the maximal linearly reductive quotient of πloc(X ) is determined completely
by the p-primary torsion subgroup of the group X(πloc(X )) = Hom(πloc(X ),Gm) of characters of
the local fundamental group scheme πloc(X ), which can be calculated as follows
X(πloc(X ))[p∞] = lim−→
m>0
Homk(π
loc(X ), µpm)
≃
−−→ lim−→
m>0
H1fppf(X , µpm).
Hence, we have seen the following.
Proposition 4.4. If k is an algebraically closed field of characteristic p > 0 and X is a reduced
algebraic stack of finite type over k, then there exists a canonical isomorphism:
πloc(X )lin.red ≃ lim←−
m>0
Diag(H1fppf(X , µpm)).
Corollary 4.5. Let X be a proper smooth connected curve over an algebraically closed field of
characteristic p > 0 with p-rank γ and ∅ 6= U ⊆ X a nonempty open subscheme of X with
n = #(X \ U) ≥ 0. Then we have the following.
πloc(U)lin.red ≃
{
Diag((Qp/Zp)
⊕γ) if n = 0,
Diag((Qp/Zp)
⊕γ+n−1) if n > 0.
Proof. If n = 0, this is standard. In the case where n > 0, see [29, Proposition 3.2].
Remark 4.6. Let X be a reduced algebraic stack over an algebraically closed field k of charac-
teristic p > 0 and πloc(X ) the local fundamental group scheme of X/k. We can identify the local
fundamental gerbe Πloc
X/k with the classifying stack Bkπ
loc(X ) (cf. Corollary 4.3). Suppose given
a k-homomorphism πloc(X ) −→ G to a finite local k-group scheme G and the corresponding G-
torsor P −→ X . Then, under the assumption that k is an algebraically closed field, the following
conditions are equivalent.
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(a) The homomorphism πloc(X ) −→ G is surjective.
(b) The corresponding morphism Πloc
X/k = Bkπ
loc(X ) −→ BkG is Nori-reduced.
(c) There exists no strict closed subgroup scheme H ( G such that the G-torsor P −→ X is
reduced to an H-torsor Q −→ X , i.e. P ≃ IndGH(Q).
(d) If we denote by E∞(P) the image of the regular representation (k[G], ρreg) of G in D∞(X )
under the restriction functor Rep(G) −→ Rep(πloc(X )) ≃ D∞(X ) (cf. Theorem 4.1), then
dimk HomD∞(X )(1, E∞(P)) = 1.
Indeed, the equivalence between (a) and (b) is a consequence of Proposition 4.2. The equivalence
between (a) and (c) is immediate from Corollary 4.3. The implication (a)=⇒(d) follows from the
fact that HomRep(G)(1, (k[G], ρreg)) = k[G]
G = k. Conversely, let us suppose that the condition (a)
is not satisfied. If H denotes the image of the given homomorphism πloc(X ) −→ G, then H is a
closed subgroup scheme of G with H 6= G and the restriction map Rep(G) −→ Rep(πloc(X )) factors
through the category Rep(H), which implies that
k[G]H = HomRep(H)(1, (k[G], ρreg)) ⊆ HomD∞(X )(1, E∞(P)).
As H 6= G, we have dim k[G]H 6= 1 and hence the condition (d) does not hold. This proves the
implication (d)=⇒(a).
4.2 Nori fundamental gerbes of root stacks in positive characteristic
We shall use the same notation as in §3.3. Let X be a geometrically connected and geometrically
reduced scheme of finite type over the spectrum S = Spec k of a perfect field k of characteristic
p > 0. Let D = (Di)i∈I be a finite family of reduced irreducible effective Cartier divisors on X and
put D = ∪i∈IDi ⊂ X. For each r = (ri)i∈I with ri > 0, as in §3.3, we put
X
r = r
√
D/X.
In this subsection, motivated by [6], the Nori fundamental gerbes associated with root stacks are
studied, dropping the properness assumption on X. However, under the smoothness assumption as
put in Proposition 3.13, a more direct approach can be applied, which is enough to prove the main
theorem.
Proposition 4.7. Under the same assumption as in Proposition 3.13, if we put U = X \D, then
the induced morphisms
ΠNU −→ Π
N
Xr
are gerbes.
Proof. First note that, for any finite gerbe Γ over k, a morphism ΠN
Xr
−→ Γ into Γ is a gerbe if and
only if the composition Xr −→ ΠN
Xr
−→ Γ is Nori-reduced (cf. Remark 4.8). Therefore, it suffices
to show that, for any Nori-reduced morphism Xr −→ Γ into a finite gerbe Γ, the composition
U −→ Xr −→ Γ is still Nori-reduced. As k is assumed to be perfect, without loss of generality, we
may assume that k is an algebraically closed field (cf. [9, §6]) and hence may assume that Γ = BG
for some finite k-group scheme G. If the morphism U −→ Xr −→ Γ is not Nori-reduced, then it
factors through BH where H is a strict subgroup scheme of G. One can show that the resulting
morphism U −→ BH is extended to a morphism Xr −→ BH. Indeed, the problem is Zariski
local (cf. Proposition 2.8), we may assume that Xr = [Z/µr] with Z = SpecOX [t]/(t
r − s). As
24
we saw in the proof of Proposition 3.13, Z is smooth over k. Therefore, by applying [27, Chapter
II Proposition 6] to the open immersion Z ×Xr U →֒ Z, we get an extension Z −→ BH of the
morphism Z ×Xr U −→ U −→ BH.
Z ×Xr U //

Z

~~
✍
☞
✠
✝
✄
 
⑤
U //

X
r

BH // BG
By dividing by the action of µr, we get a desired extension X
r = [Z/µr] −→ BH. However, as
H 6= G, this contradicts with the Nori-reducedness of the morphism Xr −→ BG. Therefore, the
morphism U −→ Xr −→ BG is Nori-reduced.
Remark 4.8. Let X be an inflexible fibered category over a field k with X −→ ΠNX its Nori
fundamental gerbe. Let φ : ΠNX −→ Γ be a morphism into a finite gerbe Γ over k. Then φ is
a gerbe if and only if the composition X −→ ΠNX
φ
−−→ Γ is Nori-reduced. Indeed, as ΠNX itself
is inflexible (cf. [9, Proposition 5.4]), by the universal property of the Nori fundamental gerbe
X −→ ΠNX , we may assume that X = Π
N
X , hence may assume that X is pseudo-proper (cf. [9,
Example 7.2(b)]), in which case the equivalence is already remarked in [2, Remark 1.14].
Proposition 4.9. Let r and r′ be two indices with r | r′. The natural morphism ΠN
Xr
′/k
→ ΠN
Xr/k
is a gerbe. Moreover, for any finite k-group scheme G and any G-torsor Y ′ −→ Xr
′
, there exists
a G-torsor Y −→ Xr such that Y ′ ≃ Y ×Xr X
r′ if and only if for any closed point ξ of Xr
′
, the
composition
G′ξ −→ X
r′ Y
′
−−→ BkG
factors through the gerbe G′ξ −→ Gξ (cf. Proposition 3.12(1)), where Gξ (respectively G
′
ξ) denotes
the residual gerbe of Xr (respectively of Xr
′
) at ξ
Proof. First let us show the second assertion. Thanks to Proposition 2.8, we have a commutative
diagram where horizontal arrows are equivalence of categories,
Homk(X
r′ ,BG)
≃ // Homk,⊗(Vect(BG),Vect(X
r′))
Homk(X
r,BG)
≃ //
OO
Homk,⊗(Vect(BG),Vect(X
r)).
OO
Therefore, by applying Proposition 3.12(3), we get the second assertion.
We prove the first assertion of the proposition under the same assumption as in Proposition
3.13. In the general case, see Appendix §B. Under the assumption in Proposition 3.13, for any
indices r | r′, the commutative diagram
ΠNU
//
!!❇
❇❇
❇❇
❇❇
❇
ΠN
Xr
′

ΠN
Xr
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induces the restriction functors
Vect(ΠNXr)
u
−−→ Vect(ΠN
Xr
′ )
v
−−→ Vect(ΠNU ),
where v and v ◦ u are fully faithful by Proposition 4.7. Thus, it follows that the restriction functor
u : Vect(ΠN
Xr
) −→ Vect(ΠN
Xr
′ ) is fully faithful as well. Now let us show that ΠN
Xr
′ −→ ΠNXr is a gerbe.
If we write ΠN
Xr/k = lim←−i Γi, where X
r −→ Γi are Nori-reduced with Γi finite gerbes (cf. [9, Proof of
Theorem 5.7]), then all the projections ΠN
Xr/k −→ Γi are gerbes (cf. Remark 4.8). We have to show
that the composition ΠN
Xr
′/k
−→ ΠN
Xr/k −→ Γi is still a gerbe for each i. However, as Γi is finite,
the map ΠN
Xr
′ −→ Γi is a gerbe if and only if the restriction functor Vect(Γi) −→ Vect(Π
N
Xr
′ ) is fully
faithful (cf. [37, Remark B.7]). The latter condition is fulfilled because the restriction functor is the
composition of fully faithful functors Vect(Γi) −→ Vect(Π
N
Xr
)
u
−−→ Vect(ΠN
Xr
′ ). This completes the
proof.
Remark 4.10. Proposition 4.9 particularly implies that if r | r′, then the natural map between the
local fundamental group schemes is surjective, i.e. πloc(Xr
′
) ։ πloc(Xr). One can prove this fact
without the smoothness assumption. Indeed, for any surjective homomorphism πloc(Xr)։ G onto
a finite local k-group scheme G, let H ⊆ G be the image of the composition of the homomorphisms
πloc(Xr
′
) −→ πloc(Xr)։ G. Then we obtain a commutative diagram
H1fppf(X
r′ ,H) 
 // H1fppf(X
r′ , G)
H1fppf(X
r,H) 
 //
OO
H1fppf(X
r, G),
OO
where the injectivity of the horizontal maps is valid because the root stacks Xr and Xr
′
are reduced
and the reduced subscheme of the quotient space G/H is trivial, i.e. (G/H)red = Speck. Then
one can deduce from Propositions 2.8 and 3.12 together with the identification H1fppf(−, G) =
Homk(−,BG) that the above diagram is Cartesian. This implies that H = G.
4.3 Torsors over root stacks and tamely ramified torsors
We will continue to use the same notation as in the previous subsection.
Definition 4.11. Let X be a scheme and D an effective Cartier divisor of X. Put U = X \D. A
finite flat cover Y −→ X which is e´tale over U is said to be tamely ramified along D if for any point
x ∈ D, all the connected components of Y ×X SpecO
sh
X,x are of the form SpecO
sh
X,x[T ]/(T
m − a)
where m is a positive integer which is prime to the characteristic of k(x) and a is a local equation
of D in SpecOshX,x, where O
sh
X,x is the strict hensenlization of the local ring OX,x at x.
Lemma 4.12. (Abhyankar, cf. [18, Theorem 2.3.2 and Corollary 2.3.4]) Let X be a normal scheme
and D ⊂ X a simple normal crossings divisor. Let f : Y −→ X be a finite flat cover which is e´tale
over U = X \D. Then the following are equivalent.
(a) Y is normal and f is tamely ramified above the generic points of D.
(b) f : Y −→ X is tamely ramified along D.
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Definition 4.13. Suppose given a locally Noetherian k-scheme X and an n-tuple s = (si)
n
i=1 of
regular functions si ∈ H
0(X,OX ). A Kummer morphism associated with the data (s, r) is a finite
flat k-morphism Y −→ X defined by
OY = OX [t]/(t
r − s)
def
=
n⊗
i=1
OX [ti]/(t
ri
i − si),
which has a natural action of µr =
∏n
i=1 µri .
Definition 4.14. (cf. [7, Definition 2.2]) Let G be a finite k-group scheme. A tamely ramified G-
torsor over X with ramification data (D, r) is a scheme Y endowed with an action of G and a finite
flat G-invariant morphism Y −→ X such that for any closed point x of X, there exists a monomor-
phism µrx −→ G (cf. (3.1)) defined over an extension k
′/k such that in a fppf neighbourhood of x
in X, the morphism Y −→ X is isomorphic to
(Z ×k k
′)×µrx G,
where Z is the Kummer morphism associated with the data (s = (si)
n
i=1, rx), where each si is a
local equation of Di.
Theorem 4.15. (Biswas–Borne, cf. [7, §3]) Let Y be a scheme endowed with an action of a finite
k-group scheme G and a finite flat G-invariant morphism Y −→ X. Then we have the following.
(1) If Y −→ X is a tamely ramified G-torsor with ramification data (D, r), then the morphism
Y −→ X uniquely factors through a G-torsor Y −→ r
√
D/X .
(2) Suppose that G is abelian. Then the converse of (1) is true. Namely, the morphism Y −→ X
factors through a G-torsor Y −→ r
√
D/X if and only if Y is a tamely ramified G-torsor over
X with ramification data (D, r).
Particularly, the first result (1) indicates that a G-torsor Y −→ r
√
D/X over the root stack
r
√
D/X which is representable by a k-scheme gives a candidate of a tamely ramified G-torsor over
X with ramification data (D, r) in the sense of Definition 4.14.
Remark 4.16. With the above notation, suppose that X is a regular connected k-scheme, D is a
simple normal crossings divisor and G is a finite constant k-group scheme. Then, for a finite flat
G-invariant morphism Y −→ X whose restriction to X \D is an e´tale Galois G-cover, the following
are equivalent.
(a) The morphism Y −→ X is tamely ramified along D in the sense of Definition 4.11.
(b) The morphism Y −→ X is a tamely ramified G-torsor with ramification data (D, r) for some
n-tuple r in the sense of Definition 4.14.
(c) The morphism Y −→ X (uniquely) factors through a G-torsor Y −→ r
√
D/X for some n-tuple
r.
Indeed, the implication (a)=⇒(b) is immediate from Definitions 4.11 and 4.14. The implication
(b)=⇒ (c) is nothing other than the assertion of Theorem 4.15(1). Finally, the implication (c)=⇒(a)
can be deduced from Abhyankar’s lemma (cf. Lemma 4.12). Indeed, since the problem is Zariski
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local, without loss of generality, we may assume that [Z/µr] ≃
r
√
D/X , where Z is a Kummer
morphism. Then, we get a commutative diagram
P

//

Y

}}
Z //
##❋
❋❋
❋❋
❋❋
❋❋
❋
r
√
D/X

X
with the 2-Cartesian square, where P −→ Z is a G-torsor and Z −→ r
√
D/X is the quotient map
Z −→ [Z/µr] ≃
r
√
D/X . Let xi denote the generic point of the divisor Di for any i. Then, the above
commutative diagram implies that the ramification index exi at xi divides ri. As Y is representable,
the composition map
Bµri = Gxi −→
r
√
D/X
Y
−−→ BG
is faithful, hence µri is e´tale group scheme, i.e. ri is prime-to-p. As exi divides ri, this implies that
exi is prime-to-p. Therefore, Y −→ X is tamely ramified above xi. Moreover, since
r
√
D/X is
regular (cf. Proposition 3.13), so is Y . Now, Lemma 4.12 implies that the condition (a) holds.
Remark 4.17. To figure out the reason why the abelianness assumption is required in Theorem
4.15(2), let us recall the argument due to Biswas–Borne. The problem is Zariski local, so we may
assume that r
√
D/X = [Z/µr]. Let P
def
= Isom[Z/µr](Z ∧
µr G, Y ) be the fppf sheaf of isomorphisms
of G-torsors over [Z/µr]. Then P is a right N = Z ∧
µr G-torsor over [Z/µr], where the action of µr
on G is defined by conjugation. For example, if G is abelian, then the conjugacy action is trivial,
hence N = [Z/µr]×k G and Proposition 2.8 can be applied to show that P descents to a G-torsor
over X (cf. Proposition 4.9), which implies that P can be trivialized by an fppf cover X ′ −→ X.
In the general case, it does not seem that BN is a fibered category over schemes which satisfies a
tannakian reconstruction (§2.2), and the same argument cannot be applied. In fact, as explained
in [7, Appendix §B], David Rydh constructs examples of G = µp ⋉ αp-torsors over smooth root
stacks p
√
D/X for which the associated sheaf P of isomorphisms of G-torsors cannot be trivialized
by any fppf cover X ′ −→ X.
For later use, we shall show the following lemma.
Lemma 4.18. Suppose that X is a connected smooth curve over an algebraically closed field k
of characteristic p > 0 with D = (xi)i∈I , where xi are finite distinct closed points of X. Let G
be a finite k-group scheme. Let Y −→ Xr be a Nori-reduced G-torsor. Then there exists a family
r′ = (r′i)i∈I of integers r
′
i > 0 with r
′|r and a G-torsor Y ′ −→ Xr
′
with Y ′ representable by a
k-scheme such that
Y ≃ Y ′ ×
Xr
′ X
r
as a G-torsor over Xr.
Proof. First note that if a G-torsor Y −→ Xr is representable, then as remarked in [7, Remark
3.6(2)], Y can be represented by a k-scheme, and by [6, §3.2 Proposition 11], the latter condition is
equivalent to the condition that the composition of morphisms
Gxi −→ X
r Y−−→ BG
is representable for any i ∈ I. Since the problem is Zariski local, we may assume that #I = 1, so
let us put x = x1, r = r1. Moreover, we may assume that X
r = [Z/µr] where Z −→ X is a Kummer
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morphism. Then we have Gx = Bµr (cf. Proposition 3.11(2)). Let µr −→ G be the homomorphism
of k-group schemes associated with the composition Bµr = Gx −→ [Z/µr] = X
r Y−−→ BG and set
µr′′
def
= Ker(µr −→ G). Then, by the definition, the restriction
[Z/µr′′ ] −→ [Z/µr] = X
r Y−−→ BG (4.1)
is trivial on inertia groups. Therefore, by [6, §2.3 Corollary 5], which can be applied to non-proper
tame stacks as discussed in the first paragraph of the proof of Proposition 4.9(1), the morphism
(4.1) factors through the coarse moduli space Z ′
def
= Z/µr′′ . By dividing by the natural action of
µr′ , we get a morphism
X
r′ = [Z ′/µr′ ] −→ BG,
which is representable by the construction. Therefore, we can conclude that the G-torsor Y −→ Xr
descends to a G-torsor Y −→ Xr
′
which is representable by a k-scheme. This completes the
proof.
4.4 Brauer groups of root stacks
In this subsection, we always work with the lisse-e´tale topology (cf. [23]). Let X be an algebraic
stack over a field k. We denote by Lis-e´t(X ) the lisse-e´tale site of X . A gerbe over X always means
a gerbe over the site Lis-e´t(X ) (cf. [35, Definition 06NZ]). To each gerbe G −→ X , we associate a
sheaf I(G) on G, which we call the inertia sheaf, as follows. For any object (U, u) ∈ Lis-e´t(X ) and
any section x : U −→ G, I(G)(x)
def
= AutG(U)(x) is the group of automorphisms of the section x.
Definition 4.19. (cf. [24, Definition 2.2.1.6]) Let F be a sheaf on G. Then F admits a right action
F × I(G) −→ F of the inertia sheaf I(G), which is called the inertial action on F , as follows. For
any object (U, u) ∈ Lis-e´t(X ) and any section x : U −→ G, there exists a natural action
F(x)× I(G)(x) −→ F(x) ; (a, σ) 7−→ σ∗a.
Here, note that each element σ ∈ I(G)(x) induces an isomorphism σ∗ : F(x)
≃
−−→ F(x).
A gerbe f : G −→ X is said to be abelian if for any (U, u) ∈ Lis-e´t(X ) and any section
x : U −→ G, the sheaf AutU (x) on Lis-e´t(U) is abelian. If a gerbe f : G −→ X is abelian,
for any (U, u) ∈ Lis-e´t(X ) and any two sections x, y ∈ G(U,u), there exists a canonical isomorphism
AutU (x) ≃ AutU (y) of sheaves. Moreover, there exists a sheaf A of abelian groups on Lis-e´t(X ) such
that for any (U, u) ∈ Lis-e´t(X ) and any x : U −→ G, there exists an isomorphism u∗A ≃ AutU (x)
of sheaves such that for any (U, u) ∈ Lis-e´t(X ) and any two sections x, y : U −→ G, the diagram
u∗A //
$$❏
❏❏
❏❏
❏❏
❏❏
❏ AutU (x)

AutU (y).
is commutative (cf. [35, Lemma 0CJY]). In other words, there exists an isomorphism of sheaves on
G,
AG
def
= f∗A ≃ I(G).
In this case, such a gerbe G −→ X is called an A-gerbe. More precisely, for a given abelian sheaf A
on Lis-e´t(X ), an A-gerbe is a gerbe G −→ X together with an isomorphism AG ≃ I(G) of sheaves
on X . Let A be an abelian sheaf on Lis-e´t(X ). Let G1,G2 be A-gerbes over X . Then G1 is said to
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be isomorphic to G2 if there exists an equivalence of fibered categories φ : G1
≃
−−→ G2 over X such
that the composition
AG2
≃
−−→ I(G2) −→ φ
∗I(G1)
≃
−−→ φ∗AG1 = AG2
is the identity (cf. [24, Definition 2.2.1.3]). Then the set of isomorphism classes of A-gerbes can be
described as the second cohomology group H2lis-e´t(X ,A). The unit of the abelian group H
2
lis-e´t(X ,A)
is represented by the fibered category
TORSX (A) −→ X
which classifies A-torsors on the site Lis-e´t(X ).
From now on, we shall consider the multiplicative group A = Gm. Let f : G −→ X be a Gm-
gerbe. Then G is an algebraic stack over k (cf. [20, Proposition 1.1]). In this case, any quasi-coherent
sheaf F on G admits a left action of Gm which comes from the left OG-module structure.
Definition 4.20. (cf. [24, Definition 3.1.1.1]) With the above notation, a quasi-coherent sheaf F on
G is said to be a twisted sheaf if the right action associated with the left Gm-action on F coincides
with the inertial action F × I(G) −→ F (cf. Definition 4.19). Here, recall that Gm,G = I(G).
Let us recall the following result.
Proposition 4.21. (cf. [24, Lemma 3.1.1.8]) Let X be an algebraic stack over a field k. A Gm-gerbe
G is isomorphic to BGm,X as a Gm-gerbe if and only if there exists a twisted invertible sheaf L on
G.
Proof. First note that there exists an equivalence of groupoids
HomX (G,BGm,X ) ≃ Pic(G).
Let φ : G −→ BGm,X be a morphism of fibered categories over X and L the invertible sheaf on G
corresponding to φ. We have to show that φ is an isomorphism of Gm-gerbes if and only if L is a
twisted sheaf on G. Indeed, L is a twisted sheaf on G if and only if, for any object (U, u) ∈ Lis-e´t(X )
and any section x : U −→ G, the diagram
x∗L ×Gm,U
≃ //
((❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
x∗L ×AutU (x)

x∗L
is commutative, where the action x∗L × Gm,U −→ x
∗L is given by (f, a) 7−→ a−1 · f and the one
x∗L × AutU (x) −→ x
∗L is the inertial action (cf. Definition 4.19). However, the commutativity of
the diagram is equivalent to the commutativity of the following diagram,
AutU (x)
//

AutU (x
∗L)

Gm,U // AutU (φ ◦ x),
or equivalently, to saying that the composition
Gm,U
≃
−−→ AutU (x) −→ AutU(φ ◦ x)
≃
−−→ Gm,U
is the identity. This completes the proof.
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Now we apply the above arguments to root stacks. Let X be a geometrically connected quasi-
compact smooth scheme over the spectrum S = Speck of a field k with η the generic point. Let
D = (Di)i∈I be a finite family of reduced irreducible effective Cartier divisors on X and put
D = ∪i∈IDi ⊂ X. For each r = (ri)i∈I with ri > 0, as in §3.3, we put
X
r = r
√
D/X.
Recall that there exists a natural quasi-compact morphism η →֒ Xr.
Proposition 4.22. (cf. [24, Proposition 3.1.3.3]) With the above notation, suppose further that
Di are smooth and that D is a simple normal crossings divisor on X. Then the restriction map
H2lis-e´t(X
r,Gm) −→ H
2
lis-e´t(η,Gm)
is injective.
As a consequence, we have the following.
Corollary 4.23. With the same notation as in Proposition 4.22, if X is a connected smooth curve
defined over an algebraically closed field, then we have H2lis-e´t(X
r,Gm) = 0.
This is an immediate consequence of Proposition 4.22 because if X is a connected smooth
curve defined over an algebraically closed field, then the Brauer group of the generic point η van-
ishes (cf. [35, Lemma 03RF]). Let us prove Proposition 4.22.
Lemma 4.24. With the same notation as in Proposition 4.22, the root stack Xr is a smooth
quasi-compact algebraic stack over S.
Proof. The smoothness follows from Proposition 3.13. Recall that we have assumed that X is
quasi-compact. As the morphism Xr −→ X is of finite type (cf. §3.3), Xr is quasi-compact.
Lemma 4.25. With the same notation as in Proposition 4.22, let G −→ Xr be a Gm-gerbe. Then
G is a smooth quasi-compact algebraic stack over k.
Proof. The classifying stack BGm is a smooth quasi-compact algebraic stack. As any Gm-gerbe
G −→ Xr is locally isomorphic to BGm, the gerbe G must be smooth and quasi-compact.
Proof of Proposition 4.22. Let G −→ Xr be a Gm-gerbe and [G] ∈ H
2
lis-e´t(X
r,Gm) the corresponding
class. Suppose that [Gη ] = 0 in H
2
lis-e´t(η,Gm). We have to show that [G] = 0. Since [Gη] = 0, by
Proposition 4.21, there exists an invertible Gη-twisted sheaf Lη. Since j : η −→ X
r is quasi-compact,
so is i : Gη −→ G. Therefore, the sheaf i∗Lη is a quasi-coherent G-twisted sheaf (cf. [23, Proposition
(13.2.6)(i)]). Since G is Noetherian (Lemma 4.25), according to [24, Proposition 3.1.1.9], we can
write M
def
= i∗Lη as the colimit of coherent G-twisted subsheaves of it as follows.
M = lim
−→
λ
Mλ
However, sinceMη is coherent, we haveMη = i
∗M = lim−→λ i
∗Mλ = i
∗Mλ for some λ. By replacing
Mλ with L
def
= M∨∨λ , if necessary, we obtain a reflexible G-twisted sheaf L of rank one such that
i∗L ≃ Lη. However, since G is smooth over k (cf. Lemma 4.25), any reflexible sheaf of rank one must
be an invertible sheaf. Therefore, again by using Proposition 4.21, we can conclude that [G] = 0.
This completes the proof.
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4.5 Embedding problems over root stacks
Let k be an algebraically closed field of characteristic p > 0 and S = Spec k. Let X be a projective
smooth curve over k of genus g ≥ 0 and of p-rank γ ≥ 0. Let ∅ 6= U ( X be a nonempty
open subscheme with #X \ U = n ≥ 1. Let X \ U = {x0, x1, · · · , xn−1}. Fix an integer m
with 0 ≤ m ≤ n − 1. We shall denote by Xm the smooth affine curve X \ {x0, x1, . . . , xm} and
consider D = (xi)
n−1
i=m+1 as a family of reduced distinct Cartier divisors on Xm. For each family
r = (ri)
n−1
i=m+1 ∈
∏n−1
i=m+1 Z≥0 of integers, we denote by X
pr
m =
pr
√
D/Xm the root stack associated
with Xm and the data (D, p
r).
Then there exists an exact sequence
0 −→ Pic(Xm) −→ Pic(X
pr
m ) −→
n−1∏
i=m+1
H0(xi,Z/p
riZ) −→ 0, (4.2)
where each group H0(xi,Z/p
riZ) is nothing but the Picard group of the residual gerbe Gxi of X
pr at
the closed point xi (cf. [8]). From the definition of root stacks, for any two families r, r
′ of positive
integers with r ≤ r′, there exists a natural morphism of algebraic stacks
X
pr
′
m −→ X
pr
m .
Then the exact sequence (4.2) implies that there exists an exact sequence
0 −→ Pic(Xm) −→ lim−→
r
Pic(Xp
r
m ) −→ (Qp/Zp)
⊕n−m−1 −→ 0. (4.3)
Since Xm is affine, there exists a surjective homomorphisms Pic
0(X)։ Pic(Xm), hence Pic(Xm) is
divisible. Thus, the exact sequence (4.3) implies that the abelian group lim
−→r
Pic(Xp
r
m ) is p-divisible.
Lemma 4.26. Let r = (ri)
n−1
i=m+1 be a family of positive integers. Then we have the following.
(1) For any quasi-coherent sheaf E on Xp
r
m , we define the fppf sheaf W (E) of abelian groups on
X
pr
m to be
W (E)(Y )
def
= Γ(Y,E ⊗ OY )
for any morphism Y −→ Xp
r
m from a scheme Y . Then H
q
fppf(X
pr
m ,W (E)) = 0 for any q > 0.
(2) H0fppf(X
pr
m ,Gm) = H
0(Xm,OXm)
×,
(3) H1fppf(X
pr
m ,Gm) = Pic(X
pr
m ).
(4) H2fppf(X
pr
m ,Gm) = 0.
Proof. (1) First note that there exists a natural isomorphism
Hqfppf(X
pr
m ,W (E))
≃
−−→ Hqlis-e´t(X
pr
m ,W (E)) = H
q(Xp
r
m , E)
for any q ≥ 0 (cf. [10, The´ore`me B.2.5]). Next since Xm is affine, we have
Hq(Xp
r
m , E) ≃ H
0(Xm, R
qπpr∗E)
for any q ≥ 0. On the other hand, since πpr : X
pr
m −→ Xm is cohomologically affine and X
pr
m has affine
diagonal (cf. Proposition 3.8(1)(3)), Rqπpr∗E = 0 for any q > 0 (cf. [4, Remark 3.5]). Therefore we
can conclude that
Hqfppf(X
pr
m ,W (E)) = 0
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for any q > 0.
(2) This follows from
H0fppf(X
pr
m ,Gm) ≃ H
0
lis-e´t(X
pr
m ,Gm) = lim←−
(U,u)∈Lis-e´t(Xpr )
Gm(U)
≃
(
lim←−
(U,u)∈Lis-e´t(Xp
r
m )
Γ(U,OU )
)×
≃ H0(Xp
r
m ,OXp
r
m
)×
≃ H0(Xm, πpr∗O
X
pr
m
)× = H0(Xm,OXm)
×.
Here, recall that πpr∗O
X
pr
m
= OXm .
(3) See [10].
(4) This follows from Corollary 4.23 together with [10, The´ore`me B.2.5].
Lemma 4.27. We have the following.
(1) For any integer s ≥ 1 and any two families r, r′ of positive integers with (s)n−1i=m+1 ≤ r ≤ r
′,
we have Pic(Xp
r
m )[ps] = Pic(X
pr
′
m )[ps].
(2) For any family r of positive integers, we have Pic(Xp
r
m )/pPic(X
pr
m ) ≃ (Z/pZ)⊕n−m−1.
Proof. This can be verified by using the exact sequence (4.2) and the fact that Pic(Xm) is divisible.
Lemma 4.28. For any integer s > 0, we have lim
−→r
H1fppf(X
pr
m , µps) ≃ (Z/p
sZ)⊕γ+n−1.
Proof. By Proposition 4.7, the restriction maps
lim
−→
r′
H1fppf(X
pr
′
m−1, µps) −→ lim−→
r
H1fppf(X
pr
m , µps)
are injective for all 0 < m ≤ n−1. Since lim
−→r
H1fppf(X
pr
n−1, µps) = H
1
fppf(U, µps) ≃ (Z/p
sZ)⊕γ+n−1 (cf. [29,
Proposition 3.2]), this reduces us to the case when m = 0. In this case, as H0(X0,OX0) = k
×, by
Lemmas 4.26(2)(3) and 4.27(1), we can find that
lim
−→
r
H1fppf(X
pr
0 , µps) ≃ lim−→
r
H1fppf(X
pr
0 ,Gm)[p
s] ≃ lim
−→
r
Pic(Xp
r
0 )[p
s] ≃ Pic(Xp
r
0 )[p
s]
for an arbitrary family r ≥ (s)n−1i=m+1. Fix such an index r. Since H
1
fppf(X0, µps) ≃ H
1
fppf(X,µps) ≃
(Z/psZ)⊕γ (cf. [29, Proposition 3.2]), the assertion follows from the exact sequence (4.2) together
with the fact that Pic(X0) is a p-divisible group.
Lemma 4.29. We have the following.
(1) Let N be a finite flat abelian Xp
r
m -group scheme. If N and its Cartier dual ND are of height
one, then we have H2fppf(X
pr
m , N) = 0.
(2) If G is a finite local diagonalizable k-group scheme, we have lim
−→r
H2fppf(X
pr
m , G) = 0.
Proof. (1) See the last assertion of Proposition C.2.
(2) As G is a successive extension of µp, without loss of generality, we may assume that G = µp.
We will prove that the transition map
H2fppf(X
pr
m , µp) −→ H
2
fppf(X
pr+1
m , µp)
33
is the zero map for all r. By Lemma 4.26(4), for any family r of positive integers, there exists an
isomorphism of abelian groups Pic(Xp
r
m )/pPic(X
pr
m )
≃
−−→ H2fppf(X
pr
m , µp). Therefore it suffices to show
that the composition
Pic(Xp
r
m ) // Pic(X
pr+1
m ) // // Pic(X
pr+1
m )/pPic(X
pr+1
m )
is the zero map. To prove this, it suffices to notice that there exists a commutative diagram
0

0 // Pic(Xm) // Pic(Xp
r
m)
//

∏n−1
i=m+1 Z/p
riZ //
 _

0
0 // Pic(Xm) // Pic(Xp
r+1
m )
//

∏n−1
i=m+1 Z/p
ri+1Z //

0
Pic(Xp
r+1
m )/pPic(X
pr+1
m )
≃ // ∏n−1
i=m+1 Z/pZ

0
where the right vertical sequence is exact, and the isomorphism Pic(Xp
r+1
m )/pPic(X
pr+1
m )
≃
−−→∏n−1
i=m+1 Z/pZ is Lemma 4.27(2). This completes the proof.
Now we prove the main theorem. As a notation, we define πloc(Xp
∞
m ) to be the projective limit
of the pro-system {πloc(Xp
r
m )}r, i.e.
πloc(Xp
∞
m )
def
= lim
←−
r
πloc(Xp
r
m ). (4.4)
Theorem 4.30. Suppose given an exact sequence of finite local k-group schemes
1 −→ G′ −→ G
pi
−−→ G′′ −→ 1. (4.5)
Suppose that the following conditions are satisfied.
(i) There exists an injective homomorphism X(G) →֒ (Qp/Zp)
⊕γ+n−1.
(ii) There exists a surjective k-homomorphism φ : πloc(Xp
∞
m )։ G′′.
(iii) G′ is solvable.
Then there exist an (n − m − 1)-tuple r of non-negative integers and a Nori-reduced G-torsor
Y −→ Xp
r
m which is representable by a k-scheme.
To prove the theorem, we need the following lemma.
Lemma 4.31. Suppose given an exact sequence of finite local k-group schemes,
1 −→ G′ −→ G −→ G′′ −→ 1 (4.6)
together with a surjective homomorphism φ : πloc(Xp
∞
m )։ G′′. If G′ is abelian, then φ can be lifted
to a homomorphism πloc(Xp
∞
m ) −→ G.
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Proof. As G′ is a finite abelian k-group scheme with k perfect, it decomposes into a direct product
G′ = G′1 × G
′
2 of a finite local unipotent group scheme G
′
1 and a finite local diagonalizable group
scheme G′2. As the decomposition is preserved under any automorphism of G
′, we get a commutative
diagram of group schemes with exact rows and columns
1

1

G′1

G′1

1 // G′ //

G //

G′′ // 1
1 // G′2
//

G/G′1
//

G′′ // 1,
1 1
which allows us to assume that G′ = G′1, or that G
′ = G′2. In the latter case, as the automorphism
group scheme Aut(G′) is e´tale, the extension (4.6) is central, i.e. the conjugacy action of G′′ on G′
is trivial, hence Giraud’s theory of non-abelian cohomology (cf. [16, p. 284, Remarque 4.2.10]) can
be applied, which implies that the assertion follows from the vanishing of the cohomology group
lim
−→r
H2fppf(X
pr
m , G′) (cf. Lemma 4.29(2)).
Therefore, we have only to deal with the case when G′ is a finite local abelian unipotent group
scheme. As G′ is obtained by successive extensions of finite local group schemes of height one,
without loss of generality, we may assume that G′ is of height one. Similarly, we may further
assume that the Cartier dual G′D is also of height one. Take an m-tuple r so that φ factors through
πloc(Xp
r
m ). The exact sequence (4.6) gives rise to a gerbe BG −→ BG′′. By pulling back the gerbe
along the morphism
X
pr
m −→ Bπ
loc(Xp
r
m ) −→ BG
′′,
we get a gerbe G −→ Xp
r
m . If P ′′ −→ X
pr
m denotes the G′′-torsor associated with the above morphism,
then the composition P ′′ −→ Xp
r
m −→ BG′′ factors through the neutral section Spec k −→ BG′′ and
the restriction G ×
X
pr
m
P ′′ is isomorphic to the trivial gerbe BG′ ×k P
′′ over P ′′.
BG′ ×k P
′′

//

G

P ′′ // Xp
r
m .
Therefore, it turns out that G −→ Xp
r
m is an N -gerbe over X
pr
m , where N
def
= P ′′ ∧G
′′
G′ is a finite
flat abelian Xp
r
m -group scheme. Here the action of G′′ on G′ is given by the conjugation, which is
well-defined because G′ is abelian. As G′ and its Cartier dual G′D are of height one, the same is
true for the twist N , i.e. both N and ND are of height one as well. Therefore, by Lemma 4.29(1),
we have H2fppf(X
pr
m , N) = 0, hence G ≃ BN . This completes the proof.
Proof of Theorem 4.30. Thanks to Lemma 4.18, we have only to solve the embedding problem
πloc(Xp
∞
m )
φ

1 // G′ // G
pi // G′′ // 1.
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By virtue of Lemmas 4.28 and 4.31, a similar argument in the proof of [29, Proposition 3.4] can work
even after replacing U by the pro-system of root stacks {Xp
r
m}r. Recall that, thanks to Corollary
4.3, for any finite local k-group scheme G, there exists a canonical bijective map
Hom(πloc(Xp
r
m ), G)
≃
−−→ H1fppf(X
pr
m , G).
of pointed sets.
First we assume that G′ is abelian, in which case, thanks to Lemma 4.31, without loss of
generality, we may assume that the extension (4.5) is split (cf. [30, Appendix, 1), a) and b)]). Again
by considering the decomposition G′ = G′1×G
′
2 into the direct product of a unipotent group scheme
and a diagonalizable group scheme, we may assume that G′ is either unipotent or diagonalizable.
In the latter case, as Aut(G′) is e´tale, we get G = G′×G′′. Moreover, as G′ is a successive extension
of µp, we are reduced to the case when G
′ = µp, in which case we have the inequalities
dimFp Homk(G
′′, µp) < dimFp Homk(G,µp) ≤ γ + n− 1,
where the second one is due to the condition (i). Therefore, by Lemma 4.28, one can see that the
inclusion
H1fppf(X
pr
m , µp) ⊃ Ker(Homk(π
loc(Xp
r
m ), µp)→ Homk(Kr, µp))
≃
←−− Homk(G
′′, µp),
is strict for sufficiently large r, where we set Kr
def
= Ker(πloc(Xp
r
m )→ G′′) for any index r for which
φ factors through πloc(Xp
r
m ) (cf. (4.4)). Thus, one can take an element
g ∈ Hom(πloc(Xp
r
m ), µp) \Ker(Homk(π
loc(Xp
r
m ), µp)→ Homk(Kr, µp))
for some r so that the homomorphism (g, φ) : πloc(Xp
r
m ) −→ µp ×G
′′ = G gives rise to a surjective
lifting φ : πloc(Xp
∞
m )։ G of φ. This completes the proof in the case where G′ is diagonalizable.
Let us assume that G′ is abelian and unipotent. As the Frobenius kernels Ker(F (i) : G′ −→
G′(i)) ⊆ G′ (i ≥ 1) are stable under any automorphism of G′, they are normal in G. Thus, by taking
the quotients by them, we are reduced to the case where G′ is of height one. Similarly for the
Frobenius kernels of the Cartier dual G′D of G′, and thus we may further assume that the Cartier
dual G′D is of height one as well. Recall that such a G′ must be isomorphic to a direct sum of αp.
Namely, we are reduced to the case where G′ = αtp for some integer t > 0. Moreover, without loss
of generality, we may assume that the conjugacy action G′′ −→ Aut(G′) is irreducible, i.e. G′ does
not contain a nontrivial strict subgroup scheme 1 6= H ( G′ which is stable under the conjugacy
action by G′′. Now we use the same notation as in the proof of Lemma 4.31. Suppose φ factors
through πloc(Xp
r
m ) for some r and let P ′′ −→ X
pr
m be the G′′-torsor associated with the resulting
homomorphism ψ : πloc(Xp
r
m )։ G′′. Fix a section σ0 : G
′′ −→ G of π. Put N = P ′′ ∧G
′′
G′. Then,
the liftings of the given surjective homomorphism ψ are completely parametrized by the abelian
group H1fppf(X
pr
m , N) (cf. Remark 4.32).
BG′

//

B(G′′ ⋉G′)


BN

oo
Spec k // BG′′
σ0∗
HH
X
pr
m .
P ′′
oo
Let HomG′′(G
′′, G) be the set of sections of the surjective homomorphism π : G։ G′′, i.e.
HomG′′(G
′′, G)
def
= {σ ∈ Hom(G′′, G) |π ◦ σ = idG′′}.
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Moreover, set
P ′′ ∧HomG′′(G
′′, G)
def
= {P ′′ ∧G
′′ σG | σ ∈ HomG′′(G
′′, G)} ⊂ H1fppf(X
pr
m , G).
Note that
P ′′ ∧HomG′′(G
′′, G) ⊆ H1fppf(X
pr
m , N) ⊆ H
1
fppf(X
pr
m , G).
Since G′ is irreducible under the conjugacy action of G′′, for a lifting ψ ∈ H1fppf(X
pr
m , N) of ψ, if
Im(ψ) ∩ G′ 6= 1, then the G′′-orbit of Im(ψ) ∩ G′ generates G′. However, as G′ is abelian, the
G′′ = Im(ψ)-orbit coincides with the Im(ψ)-orbit of Im(ψ)∩G′ by the conjugacy action. Therefore,
the complement
H1fppf(X
pr
m , N) \ (P
′′ ∧HomG′′(G
′′, G))
exactly consists of surjective liftings of ψ. Therefore, we have to show that the inclusion is strict,
i.e.
P ′′ ∧HomG′′(G
′′, G) ( H1fppf(X
pr
m , N).
We denote by Z(G′′, G′) the set of crossed homomorphisms G′′ −→ G′ with respect to the conjugacy
action G′′ −→ Autk(G
′). Namely, each element z ∈ Z(G′′, G′) is a morphism z : G′′ −→ G′ of k-
schemes satisfying the condition that
z(g1g2) = z(g1) + g
−1
1 z(g2)g1
for any sections g1, g2 ∈ G
′′, where the multiplication of G′ is written additively. Note that
Z(G′′, G′) is a subset of the group G′(k[G′′]) of k[G′′]-valued points of G′. As G′ = α⊕tp , the
group G′(k[G′′]) = αp(k[G
′′])⊕t has a natural structure of k-vector space and Z(G′′, G′) becomes
a k-subspace of G′(k[G′′]). As both the group schemes G′ and G′′ are finite, the k-vector space
Z(G′′, G′) is finite dimensional. Moreover, the map
HomG′′(G
′′, G) −→ Z(G′′, G′) ; σ 7−→ σ · σ−10
is bijective with the inverse map z 7→ z · σ0, and the composition
Z(G′′, G′)
z 7→z·σ0−−−−→
≃
P ′′ ∧HomG′′(G
′′, G) →֒ H1fppf(X
pr
m , N)
is a k-linear map. By Lemma C.2, we have
dimk Z(G
′′, G′) <∞ = dimkH
1
fppf(X
pr
m , N),
hence P ′′ ∧ HomG′′(G
′′, G) 6= H1fppf(X
pr
m , N). Therefore, ψ has a surjective lifting onto G. This
implies the theorem is true if G′ is abelian.
Let us prove the theorem in the general case by induction on the order of G′. As G′ is solvable,
the derived subgroup scheme D(G′) is a strict subgroup scheme of G′, i.e. D(G′) ( G′. Since D(G′)
is also normal in G, we get a commutative diagram of group schemes with exact rows and columns
1

1

D(G′)

D(G′)

1 // G′ //

G //

G′′ // 1
1 // G′ab //

G/D(G′) //

G′′ // 1.
1 1
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As we have already seen that the theorem is true for G′ab, we can take a surjective homomorphism
πloc(Xp
∞
m )։ G/D(G′). As the order of D(G′) is strictly less than the order of G′, by the induction
hypothesis, the theorem is true for the exact sequence
1 −→ D(G′) −→ G −→ G/D(G′) −→ 1.
Therefore, there exist an m-tuple r and a Nori-reduced G-torsor over Xp
r
m which is representable by
a k-scheme. This completes the proof of the theorem.
Remark 4.32. Let
1 −→ G′ −→ G −→ G′′ −→ 1
be an exact sequence of finite local k-group schemes. Let X be a reduced algebraic stack over k which
admits the local fundamental group scheme πloc(X ). Let φ : πloc(X ) −→ G′′ be a homomorphism
of k-group schemes. Let P ′′ denote a G′′-torsor over X which corresponds to the homomorphism
φ via the bijection in Corollary 4.3. Then, the set of liftings φ : πloc(X ) −→ G of φ is naturally
bijective into the set
S(φ)
def
= {[P ] ∈ H1fppf(X , G) ; [P ∧
G G′′] = [P ′′] in H1fppf(X , G
′′)}.
Recall that for any finite local k-group scheme H, the category Homk(X ,BH) is a setoid (cf.
Proposition 4.2), and it is actually equivalent to the set H1fppf(X ,H). In particular, the isomorphism
class [P ′′] inH1fppf(X , G
′′) gives rise to a unique morphism ξ′′ : X −→ BG′′ up to unique isomorphism.
We set
G
def
= BG×BG′′,ξ′′ X ,
which is a gerbe over X . By forgetting isomorphisms into ξ′′ in Hom(X ,BG′′), we obtain a nat-
ural map HomX (X ,G)/≃ −→ S(φ). However, as Hom(X ,BG
′′) is a setoid, this map has to be
bijective (cf. [35, Lemma 04SD]).
Corollary 4.33. Suppose given an exact sequence of finite local k-group schemes
1 −→ G′ −→ G −→ G′′ −→ 1.
Suppose that the following conditions are satisfied.
(i) There exists an injective homomorphism X(G) →֒ (Qp/Zp)
⊕γ+n−1.
(ii) There exists a surjective k-homomorphism πloc(U)։ G′′.
(iii) G′ is solvable.
Then there exists a Nori-reduced G-torsor over U . In particular, for any finite local solvable k-group
scheme G, the group scheme G appears as a quotient of πloc(U) if and only if the character group
X(G) can be embedded into the abelian group (Qp/Zp)
⊕γ+n−1.
Proof. This is nothing other than Theorem 4.30 specialized in the case when m = n− 1.
Corollary 4.34. Let G be a finite local abelian k-group scheme. Suppose that there exists an
injective homomorphism X(G) →֒ (Qp/Zp)
⊕γ+n−1. Then there exists an (n − 1)-tuple r of integers
ri ≥ 0 and a tamely ramified G-torsor Y −→ X0 with ramification data (D, p
r) such that the
restriction Y ×X0 U −→ U gives a Nori-reduced G-torsor.
Proof. This is immediate from Theorems 4.15(2) and 4.30.
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A On local-to-global extensions of finite local torsors
Let k be an algebraically closed field of characteristic p > 0. We denote by t the coordinate of the
affine line A1k, i.e. A
1
k = Spec k[t]. Let D
def
= Speck[[t−1]] be the formal disk and η
def
= Spec k((t−1))
the formal punctured disk. Note that there exist natural morphisms η −→ A1k and η −→ D.
Definition A.1. Let G be a finite group. An e´tale Galois G-cover f : Y −→ Gm,k = Speck[t, t
−1]
is said to be special if the following conditions are satisfied.
(i) f is tamely ramified above t = 0.
(ii) The monodromy group of f , i.e. the image of the homomorphism πe´t1 (Gm, 1) −→ G which
corresponds to f (up to conjugacy) has a unique p-Sylow subgroup.
Then the Katz–Gabber correspondence for finite e´tale coverings can be stated as follows.
Theorem A.2. (Katz–Gabber, cf. [21]) Let G be a finite group. The morphism η −→ Gm,k induces
an equivalence of categories between the category of special G-covers of Gm,k and the category of
G-covers of η.
In particular, the theorem includes the following fact.
Proposition A.3. The morphism η −→ A1k induces an isomorphism of pro-p-groups
Gal
(
k((t−1))/k(((t−1))
)(p) ≃
−−→ πe´t1 (A
1
k, 1)
(p),
where k((t−1)) is a separable closure of k((t−1)) and (−)(p) means the maximal pro-p-quotient.
Example A.4. Let us consider G = Fp. The natural inclusion k[t] →֒ k((t
−1)) induces an isomor-
phism
H1e´t(A
1
k,Fp) = k[t]/P(k[t])
≃
−−→ k((t−1))/P(k((t−1))) = H1e´t(η,Fp),
where P is the Fp-linear map f 7−→ f − f
p. This is valid because
k((t−1)) = k[t]⊕ t−1k[[t−1]] and P(t−1k[[t−1]]) = t−1k[[t−1]],
where the second equation can be seen as follows. For an arbitrary element f ∈ t−1k[[t−1]], we have
f =
∞∑
i=0
P(fp
i
) = P(
∞∑
i=0
fp
i
)
with
∑∞
i=0 f
pi ∈ t−1k[[t−1]], hence f ∈ P(t−1k[[t−1]]).
Let us consider what happens for finite local torsors. To ease of notation, for a reduced inflexible
algebraic stack X over a field k, we write ̟(X ) for the local fundamental group scheme πloc(X )
of X . Since the natural inclusion η −→ D is an open immersion and D is normal, according
to [27, Chapter II §2], the natural homomorphism ̟(η) −→ ̟(D) is surjective.
Lemma A.5. We have the following.
(1) For any integer m > 0, the composition of natural maps
H1fppf(Gm, µpm) →֒ H
1
fppf(η, µpm)։ H
1
fppf(η, µpm)/H
1
fppf(D, µpm)
is an isomorphism of abelian groups.
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(2) The composition of natural maps
H1fppf(A
1
k, αp) →֒ H
1
fppf(η, αp)։ H
1
fppf(η, αp)/H
1
fppf(D, αp)
is an isomorphism of abelian groups.
Proof. (1) This follows from the descriptions of cohomology groups
H1fppf(η, µpm) ≃ k((t
−1))×/k((t−1))×p
m
≃ t−Z/t−p
mZ × k[[t−1]]×/k[[t−1]]×p
m
,
H1fppf(D, µpm) ≃ k[[t
−1]]×/k[[t−1]]×p
m
,
H1fppf(Gm, µpm) ≃ t
−Z/t−p
mZ.
(2) This follows from the descriptions of cohomology groups
H1fppf(η, αp) ≃ k((t
−1))/k((t−1))p
≃ k[t]/k[t]p ⊕ k[[t−1]]/k[[t−1]]p,
H1fppf(D, αp) ≃ k[[t
−1]]/k[[t−1]]p,
H1fppf(A
1
k, αp) ≃ k[t]/k[t]
p.
Proposition A.6. There exists a canonical isomorphism of affine k-group schemes
̟ab(η)
≃
−−→ ̟ab(D)×̟ab
(
p∞
√
0/A1k
)
,
where ̟( p
∞
√
0/A1k) is defined to be
̟
(
p∞
√
0/A1k
) def
= lim
←−
r>0
̟
(
pr
√
0/A1k
)
.
Proof. Since we have natural k-homomorphisms ̟(η) −→ ̟(D) and ̟(η) −→ ̟
(
p∞
√
0/A1k
)
, there
exists a canonical homomorphism
̟(η) −→ ̟(D)×̟
(
p∞
√
0/A1k
)
.
We shall show that this homomorphism induces the desired isomorphism. Since we have
̟ab
(
D
⊔
p∞
√
0/A1k
)
= ̟ab(D)×̟ab
(
p∞
√
0/A1k
)
,
by the universal property of the local fundamental group scheme, it suffices to show that for any
abelian local finite k-group scheme G, the induced map
H1fppf
(
D
⊔
p∞
√
0/A1k, G
)
= H1fppf(D, G) ⊕H
1
fppf
(
p∞
√
0/A1k, G
)
−→ H1fppf(η,G)
is an isomorphism. By virtue of Lemma 4.29, we may assume that G is isomorphic to µp or
αp (cf. [16, p. 284, Remarque 4.2.10]). Since there exist canonical isomorphisms
H1fppf
(
p∞
√
0/A1k, µp
) ≃
−−→ H1fppf(Gm, µp),
H1fppf(A
1
k, αp)
≃
−−→ H1fppf
(
p∞
√
0/A1k, αp
)
,
(cf. Lemma 4.28 and Proposition 4.9 respectively), the claim is a consequence of Lemma A.5.
Corollary A.7. There exists a natural isomorphism
Ker(̟ab(η) −→ ̟ab(D))
≃
−−→ ̟ab
(
p∞
√
0/A1k
)
.
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B Frobenius divided sheaves on root stacks
The aim of this appendix is to complete the proof of Proposition 4.9, namely to prove the proposition
without the smoothness assumption. We will use the same notation as in §4.2. Let X be a geomet-
rically connected and geometrically reduced scheme of finite type over the spectrum S = Speck of
a perfect field k of characteristic p > 0. Let D = (Di)i∈I be a finite family of reduced irreducible
effective Cartier divisors on X and put D = ∪i∈IDi ⊂ X. For each r = (ri)i∈I with ri > 0, as in
§3.3, we put
X
r = r
√
D/X.
By definition of root stacks, the nth Frobenius twist commutes with the root construction,(
r
√
D/X
)(n)
= r
√
D(n)/X(n).
Proposition B.1. Let r and r′ be two indices with r | r′. With the same notation as in §2.5, we
have the following.
(1) The functor π∗ : Fdiv(Xr) −→ Fdiv(Xr
′
) is fully faithful and the essential image consists of
all the Frobenius divided sheaves E = (Ei, σi)
∞
i=0 with π
∗π∗(Ei|G′(i)ξ
)
≃
−−→ Ei|G′(i)ξ
for any i and
for any closed point ξ of Xr
′
, where G′ξ denotes the residual gerbe of X
r′ at ξ (cf. Proposition
3.11(2)).
(2) The functor π∗ : Fdiv∞(X
r) −→ Fdiv∞(X
r′) is fully faithful and the essential image consists of
all the objects (F , E , λ) of Fdiv∞(X
r′) with π∗π∗(F|G′ξ)
≃
−−→ F|G′ξ and π
∗π∗(Ei|G′(i)ξ
)
≃
−−→ Ei|G′(i)ξ
for any i and for any closed point ξ of Xr
′
.
(3) The induced morphism of tannakian gerbes ΠFdiv∞(Xr′ ) −→ ΠFdiv∞(Xr) is a gerbe.
Proof. (1) For the full faithfulness, let us begin with an observation. Let Ei (i = 1, 2) be two vector
bundles on Xr which admit Frobenius descents, i.e. there exist vector bundles E
(1)
i on X
r(1) together
with isomorphisms σi : F
(1)∗E
(1)
i ≃ Ei. Suppose given an OXr-linear map α : E1 −→ E2 and an
O
Xr(1)
-linear map β : E
(1)
1 −→ E
(1)
2 . Then, by Proposition 3.9(3), the diagram
F (1)∗E
(1)
1
σ1 //
F (1)∗β

E1
α

F (1)∗E
(1)
2 σ2
// E2
is commutative if and only if it is commutative after applying the pullback functor π∗. Therefore,
the full faithfulness of the functor π∗ : Fdiv(Xr) −→ Fdiv(Xr
′
) follows from this observation together
with Proposition 3.9(3).
For the description of the essential image, by virtue of Proposition 3.12, it suffices to show that
for any vector bundle E on Xr, if π∗E admits a Frobenius descent which is of the form π(1)∗E(1)
for some vector bundle E(1) on Xr(1), the isomorphism σ : F (1)∗π(1)∗E(1) ≃ π∗E defines a canonical
isomorphism F (1)∗E(1) ≃ E . However, since F (1)∗π(1)∗E(1) = π∗F (1)∗E(1), the pushforward π∗σ
defines a desired isomorphism F (1)∗E(1) ≃ E .
(2) Similarly, the assertion is a consequence of Propositions 3.9(3) and 3.12. Let us begin with
showing the full faithfulness. Fix an arbitrary integer j > 0. Let Fi (i = 1, 2) be two vector
bundles on Xr such that there exist F -divided sheaves Gi = {E
(n)
i , σ
(n)
i }
∞
n=0 on X
r together with
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isomorphisms λi : F
j∗Fi
≃
−−→ Gi|Xr = E
(0)
i . Suppose given an OXr-linear map α : F1 −→ F2 and
a morphism β = {β(n)}∞n=0 : G1 −→ G2 of F -divided sheaves. Then, by Proposition 3.9(3), the
diagram
F j∗F1
λ1 //
F j∗α

E
(0)
1
β(0)

F j∗F2
λ2
// E
(0)
2
is commutative if and only if it is commutative after applying the pullback functor π∗. From
the definition of Fdiv∞(−) together with the full faithfulness of the functor π
∗ : Fdiv(Xr) −→
Fdiv(Xr
′
) (cf. (1)), the observation implies that the functor Fdiv∞(X
r) −→ Fdiv∞(X
r′) is fully
faithful.
Let us discuss on the description of the essential image. Fix an arbitrary integer j > 0. Let
(F ,G, λ) be an object of Fdivj(X
r′) satisfying π∗π∗(F|G′ξ)
≃
−−→ F|G′ξ and π
∗π∗(Ei|G′(i)ξ
)
≃
−−→ Ei|G′(i)ξ
for any i and for any closed point ξ of Xr
′
. From Proposition 3.12, we have π∗π∗F
≃
−−→ F in
Vect(Xr
′
). On the other hand, by (1), we also have π∗π∗G
≃
−−→ G in Fdiv(Xr
′
). The isomorphism
λ : F j∗F
≃
−−→ G|
Xr
′ then descends to a one π∗λ : F
j∗π∗F
≃
−−→ (π∗G)|Xr , which implies that (F ,G, λ)
descends to an object of Fdivj(X
r). This completes the proof.
(3) This follows from (2) together with the last assertion in Proposition 3.12(3).
Proof of Proposition 4.9. We have already seen the second assertion (cf. Proof of Proposition 4.9).
For the first assertion, as we saw in the proof of Proposition 4.9, we have only to prove that the
restriction functor
Vect(ΠN
Xr/k) −→ Vect(Π
N
Xr
′/k
)
is fully faithful. However, by virtue of Corollary 2.25(2), the full faithfulness is an immediate
consequence of Proposition B.1.
C Infiniteness of the first fppf cohomology group with coefficient
αp
Lemma C.1. Let U be an affine smooth geometrically connected curve over a perfect field k of
characteristic p > 0, X an algebraic stack over k and f : X −→ U a proper quasi-finite flat
generically e´tale morphism. Let E be a locally free OX -module of finite rank. Let
φ : E −→ E(1)
be the natural pth power map, where E(1) is the pullback of E along the absolute Frobenius
morphism F : X −→ X . Then the k-vector space Γ(X , E(1))/Γ(X , E)p is of infinite dimension.
Proof. By taking a finite separable surjective k-morphism g : U −→ U0 between smooth affine curves
with U0 an open subscheme of the projective line P
1
k. Since g is generically e´tale, by replacing f with
g ◦ f , we are reduced to the case when U is an open dense subscheme of the projective line P1k. We
are reduced to showing that the k-vector space Γ(U, f∗(E
(1)))/Γ(U, f∗E)
p is of infinite dimension.
Since f is generically e´tale, the commutative diagram
X
F //
f

X
f

U
F // U
42
is generically Cartesian. Since F is a flat morphism on the smooth curve U , it follows that the
canonical base change map
(f∗E)
(1) −→ f∗(E
(1))
is a generically isomorphism of torsion-free coherent sheaves, hence its kernel is trivial and its coker-
nel is a torsion coherent sheaf over U . Therefore, Γ(U, f∗(E
(1)))/Γ(U, f∗E)
p is of infinite dimension if
and only if Γ(U, (f∗E)
(1))/Γ(U, f∗E)
p is of infinite dimension. However, as U is an affine dense open
subscheme of P1k, any torsion-free coherent sheaf is a free OU -module, and Γ(U,OU )/Γ(U,OU )
p is
of infinite dimension. Therefore, Γ(U, (f∗E)
(1))/Γ(U, f∗E)
p is of infinite dimension. This completes
the proof.
As an application, one can see the following result.
Proposition C.2. Let U be an affine smooth curve over a perfect field k of characteristic p > 0
with function field K. Let D = (xi)
m
i=1 be a family of distinct closed points of U . Let r = (ri)
m
i=1 ∈∏m
i=1 Z≥1 be a family of integers, we denote by X =
r
√
D/U the associated root stack. Let N
be a finite flat abelian X-group scheme. If both N and its Cartier dual ND are of height one,
then the first cohomology group H1fppf(X, N) is infinite dimensional over k. Furthermore, we have
Hqfppf(X, N) = 0 for q > 1.
Proof. As ND is of height one, there exists a locally free OX-module ωND of finite rank together
with the exact sequence of fppf abelian sheaves
0 −→ N −→ V (ωND)
φ
−−→ V (ωND)
(1) −→ 0
(cf. [25, Chapter III, Theorem 5.1]), where V (ωND) is the vector group over X associated with ωND ,
which is defined to be
V (ωND)(Y )
def
= HomOY (ωND ⊗ OY ,OY ).
for any morphism Y −→ X from a scheme Y . Moreover, as N is of height one, the homomor-
phism φ : V (ωND) −→ V (ωND)
(1) is the pth power Frobenius map φ = F (1) of the vector group
V (ωND) (cf. [25, Chapter III, §5]). As V (ωND) = W (ω
∨
ND
), by the same argument as in the
proof of Lemma 4.26(1), we have Hqfppf(X, V (ωND)) = 0 for q > 0 and the same is true for
V (ωND)
(1) = V (ω
(1)
ND
). Therefore, by considering the long exact sequence associated with the
above short exact sequence, we have
H1fppf(X, N) ≃ Γ(X, ω
∨(1)
ND
)/Γ(X, ω∨ND )
p,
which is an infinite dimensional k-vector space by Lemma C.1, and Hqfppf(X, N) = 0 for q > 1. This
completes the proof.
Remark C.3. In the proof of [29, Proposition 3.4], the infiniteness of the cohomology group
H1fppf(U,αp) for an affine smooth geometrically connected curve over k is mentioned, but is wrongly
explained. As in Lemma C.1, one should have taken a dominant morphism U −→ A1k which is
generically e´tale.
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